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THE WEIGHTED σk-CURVATURE OF A SMOOTH METRIC
MEASURE SPACE
JEFFREY S. CASE
Abstract. We propose a definition of the weighted σk-curvature of a smooth
metric measure space and justify it in two ways. First, we show that the
weighted σk-curvature prescription problem is governed by a fully nonlinear
second order elliptic PDE which is variational when k = 1, 2 or the smooth
metric measure space is locally conformally flat in the weighted sense. Second,
we show that, in the variational cases, quasi-Einstein metrics are stable with
respect to the total weighted σk-curvature functional. We also discuss related
conjectures for weighted Einstein manifolds.
1. Introduction
In Riemannian geometry, the σk-curvatures are scalar Riemannian invariants
which have proven to be useful tools for studying geometric and analytic properties
of Riemannian manifolds. For example, locally conformally flat Einstein metrics
with nonzero scalar curvature locally extremize the total σk-curvature functional
within their conformal class for generic values of k; when k ≤ 2, the same is true for
all Einstein metrics with nonzero scalar curvature [39]. This greatly expands the set
of Riemannian functionals which one can use to study Einstein metrics and leads to
new variational characterizations of such manifolds; e.g. [23, 26]. Moreover, one can
classify all critical points of the total σk-curvature functional in the positive k-cone
of the conformal class of the round metrics on the sphere [17, 22, 32, 39], providing
an important first step to proving sharp fully nonlinear Sobolev inequalities [25].
Since the σ1-curvature is a dimensional multiple of the scalar curvature, these facts
naturally generalize well-known properties of the Yamabe functional; cf. [31].
Roughly speaking, smooth metric measure spaces are Riemannian manifolds
equipped with a smooth measure. The geometric study of smooth metric measure
spaces is based in large part on the m-Bakry–E´mery Ricci tensor. This tensor
generalizes the Ricci tensor and thereby leads to the notion of a “gradient Einstein-
type manifold”, obtained by requiring the m-Bakry–E´mery Ricci tensor to be a
multiple of the metric. Such manifolds include as special cases gradient Ricci soli-
tons and static metrics in general relativity, and this framework provides a useful
uniform approach to their study; cf. [6, 16, 19, 29]. Moreover, many of these man-
ifolds admit a characterization as critical points of a generalization of the Yamabe
2010 Mathematics Subject Classification. Primary 53C21; Secondary 35J60, 58E11.
Key words and phrases. smooth metric measure space; σk-curvature; quasi-Einstein; weighted
Einstein.
1
2 JEFFREY S. CASE
functional [12, 13]. In particular, the family of sharp Gagliardo–Nirenberg inequal-
ities studied by Del Pino and Dolbeault [20] can be understood via such function-
als [10, 13]. This family of sharp Gagliardo–Nirenberg inequalities has proven useful
for studying certain fast diffusion equations [7, 20].
In this article we introduce the weighted σk-curvatures as appropriate generaliza-
tions of the σk-curvatures to smooth metric measure spaces. These curvatures form
a family of scalar invariants on smooth metric measure spaces with properties which
suitably generalize those algebraic and variational properties of the σk-curvatures
which are important to the study of Einstein metrics. We expect that the weighted
σk-curvatures will find further use in studying smooth metric measure spaces in
general, and quasi-Einstein and weighted Einstein manifolds in particular. A more
precise explanation of these results requires some notation and terminology.
A smooth metric measure space is a five-tuple (Mn, g, v,m, µ) consisting of a
Riemannian manifold (Mn, g), a positive function v ∈ C∞(M ;R+), a dimensional
parameterm ∈ R, and an auxiliary curvature parameter µ ∈ R+. The metric g, the
function v and the parameter m together determine the weighted volume element
dν := vm dvolg on M . Roughly speaking, the dimensional parameter m indicates
that we want to regard (Mn, g, dν) as an (m+n)-dimensional metric measure space,
in the sense that we consider the m-Bakry–E´mery Ricci tensor
Ricmφ := Ric+∇
2φ−
1
m
dφ⊗ dφ
as the weighted analogue of the Ricci tensor, where φ = −m ln v. The auxiliary
curvature parameter µ indicates that we want to regard (Mn, g, dν) as the base of
the warped product
(1.1)
(
Mn × Fm(µ), g ⊕ v2h
)
,
where (Fm(µ), h) is the m-dimensional simply-connected spaceform with constant
sectional curvature µ. Most weighted invariants can be regarded as the restriction
to M of Riemannian invariants on the warped product (1.1) when the latter makes
sense. For example, dν is the restriction of the Riemannian volume element of (1.1)
and the weighted scalar curvature
Rmφ := R+ 2∆φ−
m+ 1
m
|∇φ|2 +m(m− 1)µe
2φ
m
is the scalar curvature of (1.1). The weighted σk-curvatures are defined in terms of
the weighted Schouten tensor
Pmφ := Ric
m
φ −
1
m+ n− 2
Jmφ g,
where
Jmφ :=
m+ n− 2
2(m+ n− 1)
Rmφ .
Note that all of the tensors just defined make sense in the limits m = 0 and m =∞.
The weighted σk-curvatures in the case m = 0 are the Riemannian σk-curvatures.
The weighted σk-curvatures in the case m =∞ have been previously considered by
the author [14]. Since the results of this article are already known in the limiting
cases m = 0 and m =∞, we shall restrict our attention here to the cases m ∈ R+.
Informally, given nonnegative integers k, n ∈ N and a dimensional parameter
m ∈ R+, the m-weighted k-th elementary symmetric polynomial of n-variables is
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the k-th elementary symmetric polynomial of (m+ n)-variables; i.e.
(1.2) σmk (λ;λ1, . . . , λn) := σk
( λ
m
, . . . ,
λ
m︸ ︷︷ ︸
m times
, λ1, . . . , λn
)
.
This can made precise by evaluating the right-hand side of (1.2) when m ∈ N0 and
then extending the definition by treatingm ∈ R+ as a formal variable; cf. Section 2.
We extend this definition to symmetric matrices by considering the eigenvalues of
the matrix; i.e. if λ ∈ R and if P is a symmetric n-by-n matrix, then we define
σmk (λ;P ) := σ
m
k (λ;λ1, . . . , λn),
where λ1, . . . , λn are the eigenvalues of P .
Given k ∈ N and a smooth metric measure space (Mn, g, v,m, µ), the weighted
σk-curvature is
σmk,φ := σ
m
k
(
Y mφ ;P
m
φ
)
,
where Y mφ := J
m
φ − trg P
m
φ . The most relevant cases are k = 1, 2, where we directly
compute that
σm1,φ = J
m
φ ,
σm2,φ =
1
2
((
Jmφ
)2
− |Pmφ |
2 −
1
m
(
Y mφ
)2)
.
Given κ ∈ R and a smooth metric measure space (Mn, g, v,m, µ), the weighted
σk-curvature with scale κ is
σ˜mk,φ := σ
m
k
(
Y mφ +mκv
−1;Pmφ
)
.
With the goal of keeping our notation simple, we do not explicitly incorporate κ
into our notation for the weighted σk-curvatures with scale κ. Instead, we always
use tildes to denote quantities defined in terms of a possibly nonzero scale κ, and
omit the tilde when we fix κ = 0; i.e. σmk,φ is the weighted σk-curvature with scale
κ = 0. The role of the scale κ, especially when the auxiliary curvature parameter
µ vanishes, is to specify the “size” of the function v. Note that in the special cases
k = 1, 2, it holds that
σ˜m1,φ = σ
m
1,φ +mκv
−1,
σ˜m2,φ = σ
m
2,φ +
m(m+ n− 2)
m+ n− 3
κv−1σm−11,φ +
m(m− 1)
2
κ2v−2,
where σm−11,φ is the weighted σ1-curvature of (M
n, g, v,m− 1, µ); see Lemma 4.4.
Our study of the weighted σk-curvatures is focused on their variational properties
within a weighted conformal class. A weighted manifold is a triple (Mn,m, µ) of a
smooth manifoldMn, a dimensional parameterm ∈ R+, and an auxiliary curvature
parameter µ ∈ R. A weighted conformal class C on a weighted manifold (Mn,m, µ)
is an equivalence class with respect to the equivalence relation
(g, v) ∼ (ĝ, v̂) if and only if (ĝ, v̂) = (u−2g, u−1v) for some u ∈ C∞(M ;R+).
The weighted conformal class determined by (Mn, g, v,m, µ) is equivalent to the
subset of the conformal class of the formal warped product (1.1) determined by
restricting attention to conformal factors which depend only on the base M . We
say that C is locally conformally flat in the weighted sense if the formal warped
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product (1.1) is locally conformally flat; see Section 3 for an intrinsic characteriza-
tion of this condition. We say that the weighted σk-curvature σ˜
m
k,φ is variational in
C if there is a functional S : C→ R such that
d
dt
∣∣∣∣
t=0
S
(
e−
2tψ
m+n g, e−
tψ
m+n v
)
=
∫
M
σ˜mk,φψ dν
for all ψ ∈ C∞(M) and all (g, v) ∈ C. Our first main result is a characterization of
when the weighted σk-curvatures are variational (cf. [4]).
Theorem 1.1. Fix k ∈ N and κ ∈ R. Let C be a weighted conformal class on
a weighted manifold (Mn,m, µ). Then σ˜mk,φ is conformally variational in C if and
only if k ≤ 2 or C is locally conformally flat in the weighted sense.
We prove Theorem 1.1 by showing that, as a function of C, the linearization of
σ˜mk,φ is formally self-adjoint for every representative of C; for details, see Section 4
and Section 5.
Our other main results concern the variational properties of the weighted σk-
curvatures on weighted Einstein manifolds in the cases when σ˜mk,φ is variational. A
weighted Einstein manifold is a smooth metric measure space (Mn, g, v,m, µ) for
which there is a constant λ ∈ R such that Pmφ = λg. For such manifolds, there is
a scale κ ∈ R such that σ˜m1,φ = (m + n)λ; see [13, Lemma 9.1] or Lemma 3.8. We
highlight here two special classes of weighted Einstein manifolds. First, weighted
Einstein manifolds with κ = 0 are equivalent to quasi-Einstein manifolds. Sec-
ond, weighted Einstein manifolds for which the auxiliary curvature parameter µ
vanishes are precisely the critical points of the weighted Yamabe functional [13]
through variations of the metric and the measure; cf. Theorem 8.11. Much more is
known about quasi-Einstein manifolds than weighted Einstein manifolds, and for
this reason we can prove more in the former setting.
Weighted Einstein manifolds can be understood in terms of the total weighted
σk-curvature functionals. Our best such results are for quasi-Einstein manifolds,
and are most naturally stated in terms of the set
C1 :=
{
(g, v) ∈ C
∣∣∣∣ ∫
M
dν = 1
}
of representatives of C with respect to which M has unit weighted volume.
Theorem 1.2. Fix k ∈ N. Let C be a weighted conformal class on a closed weighted
manifold (Mn,m, µ); if k ≥ 3, assume additionally that C is locally conformally flat
in the weighted sense. Define the Fk-functional Fk : C1 → R by
Fk(g, v) :=
∫
M
σmk,φ dν.
Suppose that (g, v) ∈ C1 is such that P
m
φ = λg and σ
m
1,φ = (m + n)λ for some
constant λ > 0. Then (g, v) is a critical point of Fk, and moreover
(1) if k < m+n2 , then
d2
dt2
∣∣∣∣
t=0
Fk (γ(t)) > 0
for all γ : R→ C1 such that γ(0) = (g, v) and γ
′(0) 6= 0;
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(2) if m+n2 < k ≤ m+ n, then
d2
dt2
∣∣∣∣
t=0
Fk (γ(t)) < 0
for all γ : R→ C1 such that γ(0) = (g, v) and γ
′(0) 6= 0.
In the case k = m+n2 , the functional Fk is constant. In the cases k > m + n,
the functional Fk is constant (and identically zero) if and only if m ∈ N. When
k > m+ n and m is not an integer, the sign of the second variation of Fk depends
on the parity of the integer part of m+ n− k; cf. (6.1).
The proof of Theorem 1.2 depends on two ingredients. First, one computes the
first and second variations of the Fk-functional. In particular, when k ≤ 2 or C is
locally conformally flat in the weighted sense, (g, v) ∈ C1 is a critical point of the
Fk-functional if and only if
(1.3) σmk,φ = c
for some constant c ∈ R. Second, one uses the weighted Lichnerowicz–Obata Theo-
rem [1] to conclude that under the assumptions of Theorem 1.2, the first eigenvalue
λ1 of the weighted Laplacian −∆φ := −∆+∇φ satisfies λ1 >
2(m+n)
m+n−2λ. Applying
this to the second variation of the Fk-functional yields the result.
For weighted Einstein manifolds with µ = 0 and positive scale, one should instead
consider the Yk-functional Yk : C× R+ → R defined by
Yk(g, v, κ) := Zk(g, v, κ)
(∫
v−1 dν
)− 2mk
(m+n)(2m+n−2)
(∫
dν
)−m+n−2k
m+n
,
Zk(g, v, κ) := κ
− 2mk(m+n−1)
(m+n)(2m+n−2)
∫
M
σ˜mk,φ dν.
If (Mn, g, v,m, 0) is a weighted Einstein manifold with scale κ > 0, then (g, v) is a
critical point of the Yk-functional whenever σ˜
m
k,φ is variational. Indeed, when σ˜
m
k,φ
is variational, a triple (g, v, κ) ∈ C × R+ is a critical point of the Yk-functional if
and only if
(1.4a) σ˜mk,φ +
m
m+ n− 2k
κv−1s˜mk−1,φ
=
∫
σ˜mk,φ dν∫
dν
+
m
m+ n− 2k
(∫
s˜mk−1,φv
−1 dν∫
v−1 dν
)
κv−1
and
(1.4b)
∫
M
σ˜mk,φ dν =
(m+ n)(2m+ n− 2)
2k(m+ n− 1)
∫
M
κv−1s˜mk−1,φ dν,
where s˜mk−1,φ is defined by Definition 2.5 and (3.3) below. Note that σ˜
m
k,φ and
s˜mk−1,φ are both constant for weighted Einstein metrics. However, such weighted
Einstein manifolds need not have positive m-Bakry–E´mery Ricci curvature (cf. Ex-
ample 3.13). In particular, a new weighted Lichnerowicz–Obata theorem seems
to be needed in order to prove that weighted Einstein manifolds with µ = 0
and positive scale are local extrema of the Yk-functionals whenever σ˜
m
k,φ is varia-
tional; for further discussion, including a conjectural form of the required weighted
Lichnerowicz–Obata theorem, see Subsection 6.2.
6 JEFFREY S. CASE
In light of Theorem 1.2, one might hope that, up to scaling, quasi-Einstein
manifolds are the only critical points of the Fk–functionals which lie in the weighted
elliptic k-cones. For quasi-Einstein manifolds which are locally conformally flat in
the weighted sense, this is true.
Theorem 1.3. Let (Mn, g, v,m, µ) be a closed smooth metric measure space which
satisfies Pmφ = λg and σ
m
1,φ = (m + n)λ for some λ ∈ R and which is locally
conformally flat in the weighted sense. Fix k ∈ N, let C be the weighted conformal
class containing (g, v), and suppose that (ĝ, v̂) ∈ C is a critical point of the Fk-
functional such that σmj,φ(ĝ, v̂) > 0 for all 1 ≤ j ≤ k. Then (ĝ, v̂) = (c
2g, cv) for
some constant c ∈ R+.
The proof of Theorem 1.3 is analogous to Obata’s proof of the classification of
conformally Einstein metrics with constant scalar curvature on closed manifolds [36]
and its generalization by Viaclovsky [39] to the σk-curvatures; for details, see Sub-
section 7.1. The condition σmj,φ(ĝ, v̂) > 0, 1 ≤ j ≤ k, implies that the PDE (1.3)
is elliptic at (ĝ, v̂). By developing some additional integral estimates, we expect
Theorem 1.3 to also hold for on the round hemisphere (Sn+, dθ
2, 1,m, 1); cf. [17, 22].
Indeed, we expect further study of the PDE σmk,φ = f to lead to a sharp fully
nonlinear Sobolev inequality in this setting; see Conjecture 7.8.
Many of the ideas in the proof of Theorem 1.3 can be used to study the analogous
classification for weighted Einstein manifolds. More precisely, the proof of Obata’s
theorem [36] begins by using the variational structure of the σk-curvatures to find a
(0, 2)-tensor which is divergence-free for any metric g with σk-constant and by using
the assumption that g is conformally Einstein to show that the trace-free part of the
Schouten tensor is in the image of the adjoint of the divergence operator on trace-
free (0, 2)-tensors. The proof ends by using the Newton inequalities and the specific
form of the divergence-free (0, 2)-tensor to conclude that g is Einstein. The first
step carries through for solutions of (1.3) (resp. (1.4)) which are conformally quasi-
Einstein (resp. conformally weighted Einstein manifolds with µ = 0), though with a
more complicated stand-in for the divergence operator and its adjoint; see Section 7.
At present, while Theorem 2.13 asserts the weighted Newton inequalities, we can
only carry out the second step in the setting of quasi-Einstein manifolds. Indeed,
carrying out the second step for weighted Einstein manifolds is even problematic in
the case k = 1 (cf. [13, Conjecture 1.5]). Nevertheless, we expect that the analogue
of Theorem 1.3 for weighted Einstein manifolds is true. Inspired by the sharp
Gagliardo–Nirenberg inequalities of Del Pino and Dolbeault [20], we expect further
study of the Yk-functionals to lead to sharp fully nonlinear Gagliardo–Nirenberg
inequalities; see Conjecture 7.13.
The fact that quasi-Einstein manifolds and weighted Einstein manifolds are crit-
ical points of the Fk- and Yk-functionals, respectively, within a weighted conformal
class indicates that these functionals should be useful in studying such manifolds
in a general variational context. Our final main result verifies this expectation, at
least in the cases k = 1, 2. To be more precise, let
M(Mn,m, µ) := {(g, v) | g ∈Met(M), v ∈ C∞(M), v > 0}
denote the space of metric-measure structures on (Mn,m, µ) and denote
M1(M
n,m, µ) :=
{
(g, v) ∈M
∣∣∣∣ ∫
M
vm dvol = 1
}
.
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It is clear that we can extend the Fk- and Yk-functionals to functionals on M1 and
M×R+, respectively. Weighted Einstein manifolds are related to the critical points
of these functionals in the following way:
Theorem 1.4. Let (Mn,m, µ) be a weighted manifold.
(1) (g, v) ∈ M1 is a critical point of F1 : M1 → R if and only if P
m
φ = λg and
σm1,φ = (m+ n)λ for some λ ∈ R.
(2) If (g, v) ∈M1 satisfies P
m
φ = λg and σ
m
1,φ = (m+n)λ for some λ ∈ R, then
(g, v) is a critical point of F2 : M1 → R.
Suppose additionally that µ = 0.
(3) (g, v, κ) ∈ M × R+ is a critical point of Y1 : M × R+ → R if and only if
(g, v) is a weighted Einstein metric-measure structure with scale κ.
(4) If (g, v) ∈M is a weighted Einstein manifold with scale κ > 0, then (g, v, κ)
is a critical point of Y2 : M× R+ → R.
The final claim of Theorem 1.4 is the most noteworthy, as it explains the seem-
ingly complicated definition of the Yk-functional and its Euler equation (1.4). More
precisely, while Theorem 1.1 guarantees that there is a functional on C for which
its critical points are precisely those metric-measure structures with σ˜m2,φ constant,
a computation involving the behavior of the weighted Bach tensor of a weighted
Einstein manifold with µ = 0 implies that such manifolds are only critical points
of the Y2-functional; cf. Remark 8.13.
This article is organized as follows. In Section 2 we establish the key algebraic
properties of the m-weighted elementary symmetric polynomials. In Section 3 we
discuss the necessary background for smooth metric measure spaces, including some
important facts about weighted Einstein manifolds. In Section 4 we set up a useful
formalism for studying the space of metric-measure structures. In Section 5 we
prove Theorem 1.1. In Section 6 we prove Theorem 1.2 and discuss its analogue
for weighted Einstein manifolds. In Section 7 we prove the ellipticity of (1.3)
and (1.4) within the appropriate elliptic cones, prove Theorem 1.3, and discuss
our related conjectures for weighted Einstein manifolds and sharp fully nonlinear
Sobolev inequalities. In Section 8 we prove Theorem 1.4.
Acknowledgments. This work was begun during a month-long visit to the Centre
de Recerca Matema´tica. The author would like to thank the CRM for providing
a productive research environment. It was also partially supported by NSF Grant
DMS-1004394.
2. Algebraic preliminaries
We begin our study with a discussion of the algebraic properties of the m-
weighted k-th elementary symmetric polynomials of n-variables. Importantly, pro-
vided m is sufficiently large relative to k (cf. Theorem 2.13 below), these invariants
possess all of the properties expected from the informal definition (1.2). This section
makes this assertion precise. We begin with the formal definition of the weighted
elementary symmetric polynomials.
Definition 2.1. Fix m ∈ R+ and k, n ∈ N0. The m-weighted k-th elementary sym-
metric polynomial σmk of n variables is the function σ
m
k : R×R
n defined recursively
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by
σm0 (λ; Λ) = 1, if k = 0,
σmk (λ; Λ) =
1
k
k−1∑
j=0
(−1)jσmk−1−j(λ; Λ)N
m
j+1(λ; Λ), if k ≥ 1,
where Λ = (λ1, . . . , λn) ∈ R
n and Nmk : R× R
n → R is defined by
Nmk (λ; Λ) = m
(
λ
m
)k
+
n∑
j=1
λkj .
One may also regard the weighted elementary symmetric polynomials as pertur-
bations of the elementary symmetric polynomials through lower order terms. In
other words, σmk (λ; Λ) and σk(Λ) differ by an inhomogeneous polynomial in Λ of
degree k − 1. The precise relationship is as follows.
Lemma 2.2. Fix m ∈ R+ and k, n ∈ N0. Then
(2.1) σmk (λ; Λ) =
k∑
j=0
(
m
j
)(
λ
m
)j
σk−j(Λ)
for all (λ; Λ) ∈ R× Rn.
Proof. The proof is by induction. Clearly (2.1) holds if k = 0. Suppose that (2.1)
holds for some k ∈ N0. The definition of the weighted elementary symmetric
polynomials and the inductive hypothesis imply that
(2.2) (k + 1)σmk+1(λ; Λ) =
k∑
j=0
k−j∑
ℓ=0
(−1)ℓ
(
m
j
)(
λ
m
)j
σk−j−ℓ(Λ)N
m
ℓ+1(λ; Λ).
Using the identity
∑k
j=0(−1)
k−j
(
m
j
)
=
(
m−1
k
)
, we compute that
(2.3)
k∑
j=0
k−j∑
ℓ=0
(−1)ℓ
(
m
j
)(
λ
m
)j+ℓ+1
σk−j−ℓ(Λ)
=
k∑
j=0
(
m− 1
j
)(
λ
m
)j+1
σk−j(Λ).
Using the recursive definition of the elementary symmetric polynomials, we compute
that
(2.4)
k∑
j=0
k−j∑
ℓ=0
(−1)ℓ
(
m
j
)(
λ
m
)j
σk−j−ℓ(Λ)
n∑
s=1
λℓ+1s
=
k∑
j=0
(k + 1− j)
(
m
j
)(
λ
m
)j
σk+1−j(Λ).
Combining (2.2), (2.3) and (2.4) yields the desired result. 
There is a similar relationship between weighted elementary symmetric polyno-
mials when the value λ is changed.
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Corollary 2.3. Fix m ∈ R+ and k, n ∈ N0. Then
σmk (λ1 + λ2; Λ) =
k∑
j=0
(
m
j
)(
λ1
m
)j
σm−jk−j
(
m− j
m
λ2; Λ
)
for all µ1, λ2 ∈ R and Λ ∈ R
n.
Proof. Lemma 2.2 and the binomial theorem yield
σmk (λ1 + λ2; Λ) =
k∑
j=0
j∑
s=0
(
m
j
)(
j
s
)(
λ1
m
)j−s (
λ2
m
)s
σk−j(Λ).
Combining this with (2.1) yields the desired result. 
A useful fact is that the relationship between an elementary symmetric polyno-
mial of Λ = (λ1, . . . , λn) and the corresponding elementary symmetric polynomial
of Λ(i) := (λ1, . . . , λi−1, λi+1, . . . , λn) persists to the weighted case.
Lemma 2.4. Fix m ∈ R+ and k, n ∈ N0. Then
(2.5) σmk (λ; Λ) = σ
m
k (λ; Λ(i)) + λiσ
m
k−1 (λ; Λ(i)) .
for all λ ∈ R, Λ = (λ1, . . . , λn) ∈ R
n, and 1 ≤ i ≤ n.
Proof. It is readily verified that (2.5) holds when m = 0. Lemma 2.2 then implies
that (2.5) holds in general. 
Our interest is in considering the weighted elementary symmetric polynomials of
a self-adjoint endomorphism of Rn. These are defined in terms of the eigenvalues
of the endomorphism. In this context, there are also natural weighted analogues of
the Newton transforms.
Definition 2.5. Fix m ∈ R+ and k, n ∈ N0. Let Mn denote the space of self-
adjoint endomorphisms of Rn with its standard inner product.
(1) The m-weighted k-th elementary symmetric function σmk : R×Mn → R is
defined by σmk (λ;P ) := σ
m
k (λ; Λ(P )), where Λ(P ) := (λ1, . . . , λn) is the list
of the eigenvalues (with multiplicity) of P .
(2) The m-weighted k-th Newton transform Tmk : R×Mn →Mn is defined by
Tmk (λ;P ) =
k∑
j=0
(−1)jσmk−j(λ;P )P
j .
(3) The m-weighted k-th Newton scalar smk : R×Mn → R is defined by
smk (λ;P ) =
k∑
j=0
(−1)j
(
λ
m
)j
σmk−j (λ;P ) .
Informally, the m-weighted k-th elementary symmetric function σmk (λ;P ) is the
k-th elementary symmetric function of the (m+n)× (m+n) block-diagonal matrix
(2.6) P ⊕
λ
m
Idm,
where Idm is the m × m identity matrix. The k-Newton transform Tk of (2.6)
decomposes as
Tk = T
m
k ⊕ s
m
k Idm .
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The eigenvalues of the weighted Newton transforms are readily computed in
terms of the weighted elementary symmetric functions.
Lemma 2.6. Fix m ∈ R+ and k, n ∈ N0. Given λ ∈ R and P ∈ Mn, the
eigenvalues of Tmk (λ;P ) are σ
m
k (λ; Λ(i)) for 1 ≤ i ≤ n, where Λ = Λ(P ) are the
eigenvalues of P and Λ(i) is as in Lemma 2.4.
Proof. The proof is by induction. It is clear that the conclusion holds when k = 0.
Suppose that the eigenvalues of Tmk (λ;P ) are σ
m
k (λ; Λ(i)) for 1 ≤ i ≤ n. Note that
(2.7) Tmk+1(λ;P ) = σ
m
k+1(λ;P )I − PT
m
k (λ;P )
for I the identity endomorphism. The conclusion follows readily from Lemma 2.4
and the inductive hypothesis. 
Remark 2.7. It follows immediately from Definition 2.5 that the analogue
(2.8) sk+1 (λ;P ) = σk+1 (λ;P )−
λ
m
smk (λ;P )
of (2.7) holds.
The values of the weighted Newton scalars are also readily computed from the
weighted elementary symmetric functions.
Lemma 2.8. Fix m ∈ R+ and k, n ∈ N0. Then
(2.9) smk (λ;P ) = σ
m−1
k
(
m− 1
m
λ;P
)
for all λ ∈ R and P ∈Mn.
Proof. The proof is by induction. It is clear that (2.9) holds when k = 0. Suppose
now that (2.9) holds for all j ∈ {0, . . . , k − 1}. We thus compute that
kσm−1k
(
m− 1
m
λ;P
)
=
k−1∑
j=0
(−1)jsmk−1−j (λ;P )
(
Nmj+1(λ;P ) −
(
λ
m
)j+1)
=
k−1∑
j=0
k−1−j∑
ℓ=0
(−1)j+ℓ
(
λ
m
)ℓ
σmk−1−j−ℓ (λ;P )N
m
j+1(λ;P )
−
k−1∑
j=0
k−1−j∑
ℓ=0
(−1)j+ℓ
(
λ
m
)j+ℓ+1
σmk−1−j−ℓ (λ;P ) .
Switching the order of the first summation and computing the second summation
by summing over ℓ and then j + ℓ yields the desired result. 
Lemma 2.8 yields another useful interpretation of them-weighted Newton scalars.
Lemma 2.9. Fix m ∈ R+ and k, n ∈ N0. Let λ ∈ R and P ∈ Mn. Consider the
function Smk : R→ R defined by S
m
k (κ) := σ
m
k (λ+mκ;P ). Then
dSmk
dκ
= msmk−1 (λ+mκ;P ) .
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Proof. Expanding Smk (κ) as a power series in κ via Corollary 2.3 and differentiating
yields
dSmk
dκ
= m
∞∑
j=0
(
m− 1
j
)
κjσm−1−jk−1−j
(
m− 1− j
m
λ;P
)
.
Corollary 2.3 then implies that
dSmk
dκ
= mσm−1k−1
(
m− 1
m
(λ+mκ) ;P
)
.
The final conclusion now follows from Lemma 2.8. 
One difference between the weighted and unweighted case is that the weighted
elementary symmetric functions are not recovered by taking inner products between
the endomorphism and the associated weighted Newton transforms. A specific
relationship is as follows.
Lemma 2.10. Fix m ∈ R+ and k, n ∈ N0. Then〈
Tmk (λ;P ), P −
λ
m
I
〉
= (k + 1)σmk+1(λ;P )− (m+ n− k)
λ
m
σmk (λ;P )
for all λ ∈ R and P ∈ Mn, where I ∈ Mn is the identity and 〈A,B〉 := tr(AB) is
the standard inner product on Mn.
Proof. This follows immediately from the definitions of σmk and T
m
k and the obser-
vation that 〈
P j , P −
λ
m
I
〉
= Nmj+1 (λ; Λ(P ))−
λ
m
Nmj (λ; Λ(P ))
for all j ∈ N0. 
Nevertheless, there is a simple and useful relationship between inner products
involving weighted Newton transforms and weighted elementary symmetric poly-
nomials.
Corollary 2.11. Fix m ∈ R+ and k, n ∈ N0. Define E
m
k : R×Mn →Mn by
(2.10) Emk := T
m
k −
m+ n− k
m+ n
σmk I
for I ∈ Mn the identity. Then
(2.11)
〈
Emk (λ;P ) , P −
λ
m
I
〉
= (k+1)σmk+1(λ;P )−
m+ n− k
m+ n
σm1 (λ;P )σ
m
k (λ;P )
for all λ ∈ R and P ∈Mn.
The significance of Corollary 2.11 is contained in Corollary 2.17 below, which
concludes that (2.11) has a sign under a natural condition on λ and P . The intuition
motivating the consideration of (2.11) is as follows: one can regard (2.10) as defining
the trace-free part of the weighted Newton transform and the left-hand side of (2.11)
as the inner product of Emk with P . On the one hand, in the unweighted setting,
the inner product of the trace-free part of a Newton transform with the underlying
endomorphism is well-known to have a sign when the endomorphism lies in one
of the G˚arding cones (cf. [39, Lemma 23]). On the other hand, if P ∈ End(Rn),
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λ ∈ R, and m ∈ N, then the trac-efree part of the k-th Newton transform of (2.6)
is
Ek := E
m
k ⊕
(
−
1
m
trEmk
)
Im.
It follows that 〈
Ek, P ⊕
λ
m
Im
〉
=
〈
Emk , P −
λ
m
In
〉
.
2.1. The weighted Newton inequalities. In this subsection we show that them-
weighted elementary symmetric polynomials of n-variables satisfy the same Newton
inequalities as the elementary symmetric polynomials of (m + n)-variables. Our
proof of this fact is similar to the usual proof of the Newton inequalities (cf. [27]).
To that end, we use the following generating function for the weighted elementary
symmetric polynomials.
Proposition 2.12. Fix m ∈ R+, k, n ∈ N0, λ ∈ R, and Λ = (λ1, . . . , λn) ∈ R
n.
Then (
1 +
λt
m
)m n∏
i=1
(1 + λit) =
∞∑
j=0
σmj (λ; Λ) t
j
for all t ∈ (−M,M), where
M =
{
∞, if λ = 0 or m ∈ N0,
m
|λ| , otherwise.
Proof. It is well-known that
n∏
i=1
(1 + λit) =
n∑
j=0
σj(Λ)t
j ,
(
1 +
λt
m
)m
=
∞∑
j=0
(
m
j
)(
λ
m
)j
tj
for all t ∈ (−M,M). Multiplying these expressions yields(
1 +
λt
m
)m n∏
i=1
(1 + λit) =
∞∑
k=0
k∑
j=0
(
m
j
)(
λ
m
)j
σk−j(Λ)t
k.
The conclusion follows from Lemma 2.2. 
We are now ready to prove the weighted Newton inequalities.
Theorem 2.13. Let k ∈ N and let m ∈ [k − 1,∞). Then
(2.12) σmk−1 (λ; Λ) σ
m
k+1 (λ; Λ) ≤
k(m+ n− k)
(k + 1)(m+ n− k + 1)
(σmk (λ; Λ))
2
for all λ ∈ R and Λ ∈ Rn. Moreover, equality holds if and only if one of the
following holds:
(1) Λ = (λ/m, . . . , λ/m);
(2) λ = 0 and at most k − 1 components of Λ are nonzero;
(3) m = k − 1 and Λ = (0, . . . , 0).
Remark 2.14. If m 6∈ N0, the assumption m ≥ k− 1 is necessary. This can be seen
by computing both sides of (2.12) with Λ = 0 and λ ∈ R arbitrary.
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Proof. Set pmk := (m+n)
k
(
m+n
k
)−1
σmk , so that, as a functional inequality on R×R
n,
(2.12) is equivalent to
(2.13) pmk−1p
m
k+1 ≤ (p
m
k )
2
.
If m ∈ N0, the conclusion follows from the usual Newton inequality [27]. Suppose
now that m 6∈ N0. We separate the proof into three cases.
First, suppose that λ = 0. Lemma 2.2 and the (unweighted) Newton inequalities
imply that
σmk−1σ
m
k+1 ≤
k(n− k)
(k + 1)(n− k + 1)
(σmk )
2
≤
k(m+ n− k)
(k + 1)(m+ n− k + 1)
(σmk )
2
with equality if and only if at most k − 1 components of Λ are nonzero.
Second, suppose k = 1. Write Λ = (λ1, . . . , λn). We compute that
pm2 (λ; Λ) =
m+ n
m+ n− 1
(
(pm1 (λ; Λ))
2
−
λ2
m
−
n∑
s=1
λ2s
)
≤
m+ n
m+ n− 1
(pm1 (λ; Λ))2 − λ2m − 1n
(
n∑
s=1
λs
)2
= (pm1 (λ; Λ))
2 −
m
n(m+ n− 1)
(
n∑
s=1
λs −
nλ
m
)2
with equality if and only if λ1 = · · · = λn. The conclusion readily follows.
Third, suppose λ 6= 0 and k ≥ 2. Set
P (t) =
(
1 +
λt
m
)m n∏
j=1
(1 + λjt) .
By Proposition 2.12,
(2.14) P (t) =
∞∑
j=0
(
m+ n
j
)(
t
m+ n
)j
pmj .
Write Λ = (λ1, . . . , λn) and let ℓ = |{j | λj = 0}| denote the number of components
of Λ which vanish. Up to reindexing the components of Λ, we see that
P (t) =
(
1 +
λt
m
)m
Q0(t)
for Q0 a polynomial of degree n− ℓ with Q0(0) = 1 and roots rj = −1/λj such that
r
(0)
1 ≤ · · · ≤ r
(0)
n−ℓ are all nonzero.
For any s ∈ {0, . . . , k − 1}, we compute from (2.14) that
(2.15)
dsP
dts
=
(m+ n)!
(m+ n)s(m+ n− s)!
∞∑
j=0
(
m+ n− s
j
)(
t
m+ n
)j
pmj+s.
On the other hand, by regarding P as an analytic function in C\
{
−mλ + is
∣∣ s ≤ 0}
and applying Rolle’s Theorem along the real rays x ≥ −mλ and x ≤ −
m
λ , we deduce
that
(2.16)
dsP
dts
=
(
1 +
λt
m
)m−s
Qs(t)
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for Qs a polynomial of degree n − ℓ with roots r
(s)
1 ≤ · · · ≤ r
(s)
n−ℓ, at most one of
which is zero.
We now consider two subcases. Suppose first that there is a j ∈ {1, . . . , n− ℓ}
such that r
(k−1)
j = 0. Then Qk−1(t) = ct + O(t
2) near t = 0 for some c 6= 0.
Comparing (2.15) and (2.16) yields pmk−1 = 0 and p
m
k 6= 0, from which the desired
conclusion readily follows.
Suppose instead that r
(k−1)
j 6= 0 for all j ∈ {1, . . . , n− ℓ}. Define
λ
(k−1)
j =
{
−1/r
(k−1)
j , if j ≤ n− ℓ
0, otherwise.
and set Λ(k−1) := (λ
(k−1)
1 , . . . , λ
(k−1)
n ). Proposition 2.12 and comparison of (2.15)
and (2.16) imply that
pm−k+1j
(
m− k + 1
m
λ; Λ(k−1)
)
=
(
m+ n− k + 1
m+ n
)j pmk+j−1(λ; Λ)
pmk−1(λ; Λ)
for all j ∈ N0. In particular, applying this to the cases j ∈ {0, 1, 2} yields (2.13)
with equality if and only if λ
(k−1)
j =
λ
m for all j ∈ {1, . . . , n}. Our applications of
Rolle’s Theorem imply that the latter conclusion is equivalent to λj =
λ
m for all
j ∈ {1, . . . , n}, as desired. 
2.2. Weighted elliptic cones. An important feature of the elementary symmet-
ric polynomials is that they are monotone with respect to a single variable within
the G˚arding cones; this is closely related to the ellipticity of the σk-curvature pre-
scription problem (cf. [5, 21, 39]). There are similar cones in the weighted case; we
state our definition only in terms of the space Mn of self-adjoint endomorphisms
of Rn, from which one could easily formulate analogous definitions in terms of the
weighted elementary symmetric polynomials.
Definition 2.15. Fix m ∈ R+ and k, n ∈ N0. The positive (resp. negative) m-
weighted elliptic k-cone is the set Γm,+k (resp. Γ
m,−
k ) defined by
Γm,±k :=
{
(λ;P ) ∈ R×Mn
∣∣ (±1)jσmj (λ;P ) > 0 for all 1 ≤ j ≤ k} .
One useful fact is that (2.11) has a sign in the appropriate weighted elliptic cone.
Proposition 2.16. Let k, n ∈ N0 and m ∈ [k − 1,∞). Then
(2.17) (±1)k+1σmk+1(λ;P ) ≤ (±1)
k+1 m+ n− k
(m+ n)(k + 1)
σm1 (λ;P )σ
m
k (λ;P )
for all (λ;P ) ∈ Γm,±k . Moreover, equality holds if and only if P =
λ
mI.
Proof. The proof is by induction. Observe that, as a functional inequality on Γm,±k ,
(2.17) is equivalent to
(2.18) (±1)k+1pmk+1 ≤ (±1)
k+1pm1 p
m
k .
Theorem 2.13 implies that (2.18) holds when k = 1. Suppose now that (2.13) holds
in Γm,±k . Since Γ
m,±
k+1 ⊂ Γ
m,±
k , it follows from Theorem 2.13 and the inductive
hypothesis that
pmk p
m
k+2 ≤
(
(±1)k+1pmk+1
)2
≤ pm1 p
m
k p
m
k+1
in Γm,±k+1 . Dividing both sides by (±1)
kpmk > 0 yields the desired result. 
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Corollary 2.17. Let k, n ∈ N0 and m ∈ [k − 1,∞). Then
(±1)k+1
〈
Emk (λ;P ), P −
λ
m
I
〉
≤ 0
for all (λ;P ) ∈ Γm,±k . Moreover, equality holds if and only if P =
λ
mI.
Proof. This follows immediately from Corollary 2.11 and Proposition 2.16. 
Another useful fact is that the weighted Newton transform and the weighted
Newton scalar have a sign in the corresponding weighted elliptic cone. This result
encodes the relationship between the weighted elliptic cones and ellipticity of the
weighted σk-curvatures; see Proposition 5.1 below.
Corollary 2.18. Let k ∈ N, n ∈ N0 and m ∈ [k − 1,∞). Suppose (λ;P ) ∈ Γ
m,±
k .
Then
(±1)k−1Tmk−1(λ;P ) > 0 and (±1)
k−1smk−1(λ;P ) > 0.
Proof. Let Λ = Λ(P ) denote the eigenvalues of P . By Lemma 2.6, the conclusion
is equivalent to the assertions
(±1)k−1σmk−1 (λ; Λ(i)) > 0 for all 1 ≤ i ≤ n,(2.19a)
(±1)k−1smk−1 (λ;P ) > 0.(2.19b)
We prove (2.19) by induction on k. Clearly (2.19) holds when k = 1. Sup-
pose that (2.19) holds for all (λ;P ) ∈ Γm,±k . Let (λ;P ) ∈ Γ
m,±
k+1 . In particular,
(±1)k+1σmk+1(λ;P ) > 0. Lemma 2.4 and (2.8) respectively imply that
(±1)k+1
[
σmk+1 (λ; Λ(i)) + λiσ
m
k (λ; Λ(i))
]
> 0,(2.20a)
(±1)k+1
[
smk+1 (λ;P ) +
λ
m
smk (λ;P )
]
> 0(2.20b)
for all 1 ≤ i ≤ n. By the inductive hypothesis, (±1)k−1σmk−1 (λ; Λ(i)) > 0 and
(±1)k−1smk−1 (λ;P ) > 0. Multiplying these to both sides of (2.20a) and (2.20b),
respectively, and then using Theorem 2.13 (and Lemma 2.8 for the inequality in-
volving smk ) and Lemma 2.4 in succession yields
0 < σmk (λ; Λ(i))
[
σmk (λ; Λ(i)) + λiσ
m
k−1 (λ; Λ(i))
]
= σmk (λ; Λ(i))σ
m
k (λ;P ) ,
0 < smk (λ;P )
(
smk (λ;P ) +
λ
m
smk−1(λ;P )
)
= smk (λ;P )σ
m
k (λ;P ).
The conclusion now follows from the assumption (λ;P ) ∈ Γm,±k+1 . 
3. Smooth metric measure spaces
Recall that a smooth metric measure space is a five-tuple (Mn, g, v,m, µ) con-
sisting of a Riemannian manifold (Mn, g), a positive function v ∈ C∞(M ;R+),
a dimensional parameter m ∈ R+, and an auxiliary curvature parameter µ ∈ R.
The geometric study of smooth metric measure spaces is based on weighted local
invariants of smooth metric measure spaces; i.e. tensor-valued functions on the
space M(M,m, µ) of metric-measure structures on (Mn,m, µ) which are invariant
with respect to the natural action of the diffeomorphism group of M (see Section 4
for further discussion). Many weighted local invariants can be realized as local
Riemannian invariants of the formal warped product (1.1). In this section, we in-
trinsically define and discuss the weighted local invariants which are important to
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our study of the weighted σk-curvatures, as well as the properties of these invariants
for weighted Einstein manifolds.
Among the most familiar weighted local invariants of a smooth metric measure
space (Mn, g, v,m, µ) are the Bakry–E´mery Ricci tensor
Ricmφ := Ric+∇
2φ−
1
m
dφ⊗ dφ,
the weighted Laplacian
∆φ := ∆−∇φ,
and the weighted volume element
dν := vm dvolg .
The Bakry–E´mery Ricci tensor plays an important role in the comparison geometry
of smooth metric measure spaces (cf. [40]). This is because of its appearance in
the weighted Bochner formula for the weighted Laplacian on functions. Note also
that the weighted Laplacian is the natural formally self-adjoint (rough) Laplacian
on smooth metric measure spaces, in that ∆φ = −∇
∗∇, where ∇∗ is the adjoint of
the Levi-Civita connection ∇ of g with respect to the L2-inner product induced by
the weighted volume element.
Another important local invariant of a smooth metric measure space is the
weighted scalar curvature
Rmφ := R+ 2∆φ−
m+ 1
m
|∇φ|2 +m(m− 1)µe
2
m
φ.
Among the reasons that Rmφ is the natural analogue of the scalar curvature are that
it is the scalar curvature of the warped product (1.1), it plays the role of the scalar
curvature in O’Neill’s submersion theorem [34] and in the weighted Weitzenbo¨ck
formula for the Dirac operator on spinors [37], and the variational properties of
the total weighted scalar curvature functional are closely related to sharp Sobolev
inequalities [13] and special Einstein-type structures [12, 13].
Two smooth metric measure spaces (Mn, g, v,m, µ) and (Mn, ĝ, v̂,m, µ) are
pointwise conformally equivalent if there is a positive function u ∈ C∞(M ;R+)
such that ĝ = u−2g and v̂ = u−1v. Given (Mn, g, v,m, µ), we denote by C the
set of all (ĝ, v̂) such that (Mn, ĝ, v̂,m, µ) is pointwise conformally equivalent to
(Mn, g, v,m, µ). A smooth metric measure space (Mn, g, v,m, µ), m 6= 1, is lo-
cally conformally flat in the weighted sense if around every point there is a neigh-
borhood U such that the restriction (U, g|TU , v|U ,m, µ) is conformally equivalent
to (B, g−µ, 1,m, µ), where B is an open set in the simply-connected spaceform
(Xn, g−µ) with constant sectional curvature −µ. A smooth metric measure space
(Mn, g, v, 1, µ) is locally conformally flat in the weighted sense if around every point
there is a neighborhood U such that the restriction (U, g|TU , v|U ,m, µ) is confor-
mally equivalent to (B, gc, 1, 1, µ), where B is an open set in a simply-connected
spaceform (Xn, gc).
In order to discuss the conformal properties of smooth metric measure spaces, it is
convenient to consider the following modifications of the weighted scalar curvature,
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the Bakry–E´mery Ricci tensor, and the Riemann curvature tensor Rm:
Jmφ :=
m+ n− 2
2(m+ n− 1)
Rmφ ,
Pmφ := Ric
m
φ −
1
m+ n− 2
Jmφ g,
Amφ := Rm−
1
m+ n− 2
Pmφ ∧ g.
Here ∧ : Γ
(
S2T ∗M
)
×Γ
(
S2T ∗M
)
→ Γ
(
Λ2S2T ∗M
)
denotes the Kulkarni–Nomizu
product. We call Pmφ the weighted Schouten tensor and A
m
φ the weighted Weyl
tensor. By Lemma 3.3 below, the weighted Weyl tensor is a weighted conformal
invariant of smooth metric measure spaces, so that, in a weighted conformal class,
the Riemann curvature tensor is completely controlled by the weighted Schouten
tensor. Indeed, it is straightforward to check that a smooth metric measure space
with n ≥ 3 and m + n 6= 3 is locally conformally flat in the weighted sense if and
only if Amφ = 0; cf. [9, Lemma 6.6].
The scalar invariant Jmφ should be regarded as the weighted analogue of the
trace of the Schouten tensor. However, it is not the trace of the weighted Schouten
tensor. The following formula for the difference Y mφ := J
m
φ − trP
m
φ will be useful.
Lemma 3.1. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
Y mφ = ∆φφ−
m
m+ n− 2
Jmφ +m(m− 1)µv
−2.
Proof. The definitions of the weighted scalar curvature and the Bakry–E´mery Ricci
tensor yield
Rmφ = trRic
m
φ +∆φφ+m(m− 1)µv
−2,
from which the result readily follows. 
We also need two tensors formed by taking certain derivatives of the weighted
Schouten tensor. The weighted Cotton tensor dPmφ ∈ Γ
(
Λ2T ∗M ⊗ T ∗M
)
is defined
by
dPmφ (x, y, z) := ∇xP
m
φ (y, z)−∇yP
m
φ (x, z)
for all x, y, z ∈ TpM and all p ∈ M . The weighted Bach tensor B
m
φ ∈ Γ
(
S2T ∗M
)
is defined by
Bmφ (x, y) := (δφdP
m
φ )(x, y)−
1
m
dφ(y) tr dPmφ (·, x, ·) +
〈
Amφ (·, x, ·, y), P
m
φ −
Y mφ
m
g
〉
for all x, y, z ∈ TpM and all p ∈M , where we define
(δφdP
m
φ )(x, y) :=
n∑
i=1
∇eidP
m
φ (ei, x, y)− dP
m
φ (∇φ, x, y)
for {ei}
n
1 an orthonormal basis for TpM ; see [9, 11] for further discussion. The
following identities involving the weighted Schouten, weighted Cotton, and weighted
Weyl tensors are useful; see [9] for their derivations.
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Lemma 3.2. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
tr dPmφ = P
m
φ (∇φ) + dY
m
φ −
1
m
Y mφ dφ,
trAmφ =
m
m+ n− 2
Pmφ −∇
2φ+
1
m
dφ⊗ dφ+
1
m+ n− 2
Y mφ g,
δφP
m
φ = dJ
m
φ −
1
m
Y mφ dφ,
δφA
m
φ =
m+ n− 3
m+ n− 2
dPmφ − v
−1dv ∧ trAmφ .
Note that Lemma 3.2 implies that dPmφ vanishes if (M
n, g, v,m, µ) is locally
conformally flat in the weighted sense.
We also need to know the behavior of these weighted curvatures under pointwise
conformal transformations; see [9] for derivations.
Lemma 3.3. Let (Mn, g, v,m, µ) and (Mn, ĝ, v̂,m, µ) be pointwise conformally
equivalent smooth metric measure spaces. Define f ∈ C∞(M) by ĝ = e−
2f
m+n−2 g.
Then
e−
2f
m+n−2 Ĵmφ = J
m
φ +∆φf −
1
2
|∇f |2,
P̂mφ = P
m
φ +∇
2f +
1
m+ n− 2
df ⊗ df −
1
2(m+ n− 2)
|∇f |2g,
Âmφ = e
2f
m+n−2Amφ ,
d̂Pmφ = dP
m
φ −A
m
φ (·, ·,∇f, ·).
3.1. The weighted σk-curvatures. We are now prepared to define the weighted
σk-curvatures of a smooth metric measure space.
Definition 3.4. Fix k ∈ N0 and κ ∈ R. The weighted σk-curvature (with scale κ)
of a smooth metric measure space (Mn, g, v,m, µ) is
(3.1) σ˜mk,φ := σ
m
k
(
Y mφ +mκv
−1;Pmφ
)
.
The k-th weighted Newton tensor (with scale κ) of (Mn, g, v,m, µ) is
(3.2) T˜mk,φ := T
m
k
(
Y mφ +mκv
−1;Pmφ
)
.
The k-th weighted Newton scalar (with scale κ) of (Mn, g, v,m, µ) is
(3.3) s˜mk,φ := s
m
k
(
Y mφ +mκv
−1;Pmφ
)
.
We shall omit the tilde from our notation and denote by σmk,φ, T
m
k,φ, and s
m
k,φ the
weighted σk-curvature, the k-th weighted Newton tensor, and the k-th weighted
Newton scalar, respectively, with scale κ = 0. In order to give more succinct
derivations, given a smooth metric measure space (Mn, g, v,m, µ), a parameter
κ ∈ R, and a nonnegative integer k, we denote
Y˜ mφ := Y
m
φ +mκv
−1,
Z˜mφ :=
1
m
Y˜ mφ ,
N˜mk,φ := tr
(
Pmφ
)k
+m
(
Z˜mφ
)k
.
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As discussed in Section 5 below, the variational properties of the weighted σk-
curvatures are closely related to the properties of the weighted divergence of the
k-th weighted Newton tensor. For example, the fact [13] that the weighted σ1-
curvature is variational is closely related to the following formula for the divergence
of the first weighted Newton tensor.
Lemma 3.5. Let (Mn, g, v,m, µ) be a smooth metric measure space and fix κ ∈ R.
Then
δφT˜
m
1,φ = −s˜
m
1,φ dφ.
Proof. By definition (3.2), we have that
T˜m1,φ =
(
Jmφ +mκv
−1
)
g − Pmφ .
Lemma 3.2 implies that
δφT˜
m
1,φ = −
(
Jmφ + (m− 1)κv
−1 −
Y mφ
m
)
dφ.
Comparing with (3.3) yields the desired result. 
Lemma 3.5 allows us to compute the weighted divergence of the weighted Newton
tensors of all orders.
Proposition 3.6. Let (Mn, g, v,m, µ) be a smooth metric measure space and fix
κ ∈ R. Let k ∈ N0. Then
δφT˜
m
k,φ = −s˜
m
k,φ dφ+
k−2∑
j=0
(−1)j T˜mk−2−j,φ
(
dPmφ · Q˜
m
j+1,φ
)
,
where
Q˜mℓ,φ :=
(
Pmφ
)ℓ
−
(
Z˜mφ
)ℓ
g
and · : Γ
(
⊗3T ∗M
)
× Γ
(
S2T ∗M
)
→ Γ (T ∗M) denotes the fiber-wise contraction of
the second argument into the first and third components of the first argument; i.e.
(A · T )γ := AαγβT
αβ.
Proof. We first show by induction that
(3.4) dσ˜mk,φ =
k−1∑
j=0
(−1)j
j + 1
σ˜mk−1−j,φ dN˜
m
j+1,φ
for all k ∈ N0, with the convention that the empty sum equals zero. Clearly (3.4)
holds for k = 0. Suppose that (3.4) holds for some k ∈ N0. Using the definition
(3.5) (k + 1)σ˜mk+1,φ =
k∑
j=0
(−1)j σ˜mk−j,φN˜
m
j+1,φ
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of the weighted σk-curvature, we compute that
(k + 1)dσ˜mk+1,φ =
k∑
j=0
(−1)j σ˜mk−j,φ dN˜
m
j+1,φ
+
k∑
j=0
k−1−j∑
ℓ=0
(−1)j+ℓ
ℓ+ 1
σ˜mk−1−j−ℓ,φN˜
m
j+1,φ dN˜
m
ℓ+1,φ
= (k + 1)
k∑
j=0
(−1)j
j + 1
σ˜mk−j,φ dN˜
m
j+1,φ,
as desired.
We next show that
(3.6) δφ
(
Pmφ
)k
+
(
Z˜mφ
)k
dφ =
k−1∑
j=0
1
j + 1
(
Pmφ
)k−1−j (
∇N˜mj+1,φ
)
+
k−2∑
j=0
(
Pmφ
)k−2−j (
dPmφ · Q˜
m
j+1,φ
)
for all k ∈ N0. By definition,
(3.7) δφ
(
Pmφ
)k
=
(
Pmφ
)k−1 (
δφP
m
φ
)
+
k−1∑
j=1
(
Pmφ
)k−1−j (
(∇Pmφ ) ·
(
Pmφ
)j)
.
Observe that
(3.8) (∇Pmφ ) ·
(
Pmφ
)j
=
1
j + 1
dN˜mj+1,φ −
(
Z˜mφ
)j
dY˜ mφ + dP
m
φ ·
(
Pmφ
)j
.
Using Lemma 3.2 to evaluate tr dPmφ := dP
m
φ · g, using Lemma 3.5 to evaluate
δφP
m
φ , and inserting (3.8) into (3.7) yields (3.6).
Finally, the definition (3.2) of the k-th weighted Newton tensor implies that
δφT˜
m
k,φ =
k∑
j=0
(−1)j
[(
Pmφ
)j
(∇σ˜mk−j,φ) + σ˜
m
k−j,φδφ
(
Pmφ
)j]
.
Using (3.4) and (3.6) to evaluate the right-hand side of the above display yields the
desired result. 
3.2. Weighted Einstein manifolds. We conclude this section with a brief discus-
sion of weighted Einstein manifolds and their properties as needed in Theorem 1.2,
Theorem 1.3, Theorem 1.4, and related discussions.
Definition 3.7. A weighted Einstein manifold is a smooth metric measure space
(Mn, g, v,m, µ) such that Pmφ = λg for some λ ∈ R.
The following lemma states that for every weighted Einstein manifold, there is
a scale for which it has constant weighted σ1-curvature (cf. [30, Proposition 5]).
Lemma 3.8. Let (Mn, g, v,m, µ) be such that Pmφ = λg for λ ∈ R. Then there is
a unique constant κ ∈ R such that σ˜m1,φ = (m+ n)λ.
Definition 3.9. The scale of a weighted Einstein manifold (Mn, g, v,m, µ) satis-
fying Pmφ = λg is the constant κ ∈ R such that σ˜
m
1,φ = (m+ n)λ.
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Proof of Lemma 3.8. We must find a κ ∈ R such that Jmφ +mκv
−1 = (m + n)λ.
Lemma 3.2 implies that
δφ
(
Pmφ − λg
)
−
1
m
tr
(
Pmφ − λg
)
dφ = v−1d
((
Jmφ − (m+ n)λ
)
v
)
,
from which the conclusion readily follows. 
A special case of weighted Einstein manifolds already studied in the literature
are quasi-Einstein manifolds [15], a class of manifolds which include static metrics
in general relativity, the bases of Einstein warped product manifolds, and gradient
Ricci solitons.
Definition 3.10. A quasi-Einstein manifold is a weighted Einstein manifold with
scale κ = 0.
Remark 3.11. It is readily checked that if (Mn, g, v,m, µ) is a quasi-Einstein man-
ifold in the sense of Definition 3.10, then Ricmφ =
2(m+n−1)
m+n−2 λg; i.e. (M
n, g) is
quasi-Einstein in the sense of [15].
Conversely, if (Mn, g) is such that Ricmφ = λg for some φ ∈ C
∞(M) and
some constants λ ∈ R and m ∈ R+, it is known [30] that there is a constant
µ ∈ R such that (Mn, g, e−φ/m,m, µ) satisfies Rmφ = (m + n)λ. It follows that
(Mn, g, e−φ/m,m, µ) is quasi-Einstein in the sense of Definition 3.10.
We next discuss the positively-curved flat models of quasi-Einstein and weighted
Einstein manifolds; i.e. the smooth metric measure spaces which are locally confor-
mally flat in the weighted sense and are weighted Einstein manifolds with nonneg-
ative scale and λ > 0. In what follows, we regard Sn ⊂ Rn+1 as the set
Sn =
{
x ∈ Rn+1
∣∣ |x|2 = 1}
and let x1, . . . , xn+1 denote both the standard coordinates on R
n+1 and their re-
striction to Sn+1. The upper hemisphere Sn+ is defined by
Sn+ = {x ∈ S
n | xn+1 ≥ 0} .
Note that in both of the examples below the function v is allowed to vanish on a
set of measure zero. Thus these spaces are not examples of smooth metric measure
spaces on closed manifolds as defined in this article.
First we discuss the model spaces for quasi-Einstein manifolds. Additional ex-
amples of quasi-Einstein manifolds are discussed, for example, in [8, 28].
Example 3.12. Fix n ∈ N and m ∈ R. The positive elliptic m-Gaussian is
the quasi-Einstein manifold (Sn+, dθ
2, cos r,m, 1), where dθ2 is the round metric of
constant sectional curvature 1 on the n-sphere and r denotes the geodesic distance
from (0, . . . , 0, 1). Indeed, using the well-known facts
∇2 cos r = − cos r dθ2,
|∇ cos r|2 = 1− cos2 r,
(3.9)
we readily compute that the positive elliptic m-Gaussian satisfies
Pmφ =
m+ n− 2
2
g,
Jmφ =
(m+ n)(m+ n− 2)
2
.
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Given a ∈ R and ξ ∈ Rn+1 such that |ξ|2 < 1 and ξn+1 = 0, denote by u the
function on Sn+ given by
(3.10) u(ζ) =
a√
1− |ξ|2
(1 + ξ · ζ) .
Consider the metric-measure structure (ĝ, v̂) = (u−2dθ2, u−1 cos r). Using “hats”
to denote weighted invariants determined by (ĝ, v̂), it is straightforward to check
that
P̂mφ =
m+ n− 2
2
a2ĝ,
Ĵmφ =
(m+ n)(m+ n− 2)
2
a2.
Thus (ĝ, v̂) is a quasi-Einstein metric-measure structure which is pointwise confor-
mally equivalent to the positive elliptic m-Gaussian. Indeed, all such quasi-Einstein
metrics are given by conformally rescaling by a function of the form (3.10); see
Proposition 7.2 below. Note that if we choose ξn+1 6= 0, then Ĵ
m
φ is not constant;
more precisely, (ĝ, v̂) is a weighted Einstein metric-measure structure with nonzero
scale.
Next we discuss the model spaces for weighted Einstein manifolds with positive
scale. Further examples of weighted Einstein manifolds will be discussed elsewhere.
Example 3.13. Fix n ∈ N and m ∈ R. The standard m-weighted n-sphere is the
weighted Einstein manifold (Sn, dθ2, 1 + cos r,m, 0), where dθ2 denotes the round
metric of constant sectional curvature 1 and r denotes the geodesic distance from
(0, . . . , 0, 1). Indeed, using the facts (3.9), we readily compute that the standard
m-weighted n-sphere satisfies
Pmφ =
m+ n− 2
2
,
Jmφ +m(m+ n− 2)v
−1 =
(m+ n)(m+ n− 2)
2
.
Given a ∈ R and ξ ∈ Rn+1 such that |ξ|2 < 1, denote by u the function on Sn
given by
u(ζ) =
a√
1− |ξ|
2 (1 + ξ · ζ) .
Consider the metric-measure structure (ĝ, v̂) = (u−2dθ2, u−1(1 + cos r)). Using
“hats” to denote weighted invariants determined by (ĝ, v̂), it is straightforward to
check that
P̂mφ =
m+ n− 2
2
a2ĝ,
Ĵmφ +m(m+ n− 2)
(
a(1− ξn+1)√
1− |ξ|2
)
v̂−1 =
(m+ n)(m+ n− 2)
2
a2.
Thus (ĝ, v̂) is a weighted Einstein metric-measure structure with positive scale
which is pointwise conformally equivalent to the standard m-weighted n-sphere.
Indeed, all such weighted Einstein metrics are given by a function of this form; see
Proposition 7.2 below.
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Remark 3.14. Note that the space of quasi-Einstein metrics in the weighted confor-
mal class of the n-dimensional positive elliptic m-Gaussian is (n+ 1)-dimensional,
while the space of weighted Einstein metrics in the weighted conformal class of the
standardm-weighted n-sphere is (n+2)-dimensional. This and the relation between
weighted Einstein manifolds and sharp Gagliardo–Nirenberg inequalities [10] pro-
vide strong evidence that weighted Einstein metrics are, from the point of view of
conformal geometry, the more natural Einstein-type structure to study on smooth
metric measure spaces.
Lemma 3.8 asserts that a weighted Einstein manifold (Mn, g, v,m, µ) with scale
κ has constant weighted σ1-curvature. Such manifolds also have constant weighted
σk-curvatures and constant weighted Newton tensors. However, the weighted Bach
tensor is not necessarily constant, though it can be computed in terms of only the
two-jets of g and v.
Proposition 3.15. Let (Mn, g, v,m, µ) be a weighted Einstein manifold with scale
κ ∈ R and such that Pmφ = λg. Let k ∈ N0. Then
σ˜mk,φ =
(
m+ n
k
)
λk,(3.11)
s˜mk,φ =
(
m+ n− 1
k
)
λk,(3.12)
T˜mk,φ =
(
m+ n− 1
k
)
λkg,(3.13)
Bmφ = mκv
−1Pm−1φ −
m(m+ n− 3)
m+ n− 2
λκv−1g,(3.14)
where
(3.15) Pm−1φ = P
m
φ + v
−1∇2v +
1
m(m+ n− 2)
Y mφ g
is the weighted Schouten tensor of (Mn, g, v,m− 1, µ).
Proof. To begin, consider an arbitrary smooth metric measure space (Mn, g, v,m, µ).
Lemma 3.1 implies that the weighted Schouten scalar Jm−1φ of (M
n, g, v,m− 1, µ)
satisfies
(3.16) Jm−1φ =
m+ n− 3
m+ n− 2
(
Jmφ −
1
m
Y mφ
)
.
This readily yields (3.15).
Now suppose that (Mn, g, v,m, µ) is a weighted Einstein manifold with scale κ.
Since σ˜m1,φ = trP
m
φ + Y˜
m
φ , we see that
(3.17) mλ = Y˜ mφ = Y
m
φ +mκv
−1.
This yields (3.11), (3.12), and (3.13). From the definition of the weighted Bach
tensor, we see that Bmφ = κv
−1 trAmφ . Combining this observation with Lemma 3.2
and (3.15) yields (3.14). 
In the special case of a closed weighted Einstein smooth metric measure space
(Mn, g, v,m, 0), Proposition 3.15 yields a formula for
∫
v−1dν in terms of only λ,
κ, and the weighted volume.
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Proposition 3.16. Let (Mn, g, v,m, 0) be a closed weighted Einstein manifold with
scale κ ∈ R and such that Pmφ = λg. Then
(3.18) λ
∫
M
dν =
2m+ n− 2
2(m+ n− 1)
κ
∫
M
v−1 dν.
Proof. Given any closed smooth metric measure space (Mn, g, v,m, 0) and any
κ ∈ R, Lemma 3.1 implies that
(3.19) (2m+ n− 2)mκ
∫
M
v−1 dν =
∫
M
(
mσ˜m1,φ + (m+ n− 2)Y˜
m
φ
)
dν.
The conclusion (3.18) then follows from (3.11) and (3.17). 
4. The space of metric-measure structures
In this section we briefly discuss a natural formalism for studying the space of
metric-measure structures on weighted manifolds. Recall that the space of metric-
measure structures on (Mn,m, µ) is
M(M,m, µ) := Met(M)× C∞(M ;R+),
where Met(M) is the space of Riemannian metrics on M and C∞(M ;R+) is the
space of positive smooth functions on M . When the weighted manifold (Mn,m, µ)
is clear by context, we denote by M its space of metric-measure structures. Note
that, as a set, M(M,m, µ) depends only on M . The role of the parameters m
and µ is to determine the geometry of elements of M, especially in the definitions
of weighted invariants. The fact that M(M,m, µ) = M(M,m′, µ) as sets for any
m,m′ ∈ R provides a useful way to relate metric-measure structures for different
values of m.
It is clear that a weighted conformal class C on a weighted manifold is a subset
of M; moreover, any (g, v) ∈ M uniquely determines a weighted conformal class
C = [g, v]. Just as many geometric variational problems are most naturally posed
under a volume constraint, we consider the sets
M1 :=
{
(g, v) ∈M
∣∣∣∣ ∫
M
dν(g, v) = 1
}
,
C1 := M1 ∩ C
consisting of unit-volume metric-measure structures within M and C, respectively.
A weighted invariant is a function I defined on M(M,m, µ) which is invari-
ant with respect to the action of the diffeomorphism group Diff(M) of M . One
special class of weighted invariants consists of weighted functionals, namely maps
S : M → R such that S(f∗g, f∗v) = S(g, v) for every f ∈ Diff(M) and every
(g, v) ∈ M. Another special class consists of weighted scalar invariants, namely
maps Imφ : M → C
∞(M) such that Imφ (f
∗g, f∗v) = f∗
(
Imφ (g, v)
)
for every f ∈
Diff(M) and every (g, v) ∈ M. For example, the weighted volume element dν is a
volume-element-valued weighted invariant, the weighted σk-curvatures are weighted
scalar invariants, and the total weighted σk-curvature functionals obtained by in-
tegrating the weighted σk-curvature with respect to dν are weighted functionals.
Let (g, v) ∈ M and consider the formal tangent space T(g,v)M consisting of
derivatives γ′(0) of smooth paths γ : R→M such that γ(0) = (g, v). We denote by
TM :=
⋃
(g,v)∈M
T(g,v)M
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the formal tangent bundle of M. We identify T(g,v)M ∼= Γ
(
S2T ∗M
)
⊕ C∞(M) via
the bijection
Ψm(g,v) : T(g,v)M→ Γ
(
S2T ∗M
)
⊕ C∞(M)
defined as follows: Given γ′(0) ∈ T(g,v)M, set
h = v2
∂
∂t
∣∣∣∣
t=0
(
v−2t gt
)
,(4.1a)
ψ = −
∂
∂t
∣∣∣∣
t=0
dν(gt, vt)
dν(g, v)
,(4.1b)
for (gt, vt) := γ(t). Then set Ψ
m
(g,v) (γ
′(0)) := (h, ψ). The inverse is
(4.2)
(
Ψm(g,v)
)−1
(h, ψ) = γ′(0)
:=
(
h−
2
m+ n
(
ψ +
1
2
trg h
)
g,−
1
m+ n
(
ψ +
1
2
trg h
)
v
)
.
From (4.1a) we observe that h = 0 if and only if
(
Ψm(g,v)
)−1
(h, ψ) is tangent
to a curve in the weighted conformal class [g, v]. When the weighted manifold
(Mn,m, µ) and metric-measure structure (g, v) ∈ M are clear from context, we
omit the function Ψm(g,v) and simply identify T(g,v)M with Γ
(
S2T ∗M
)
⊕ C∞(M).
The splitting S2T ∗M = S20T
∗M⊕Rg of S2T ∗M ∼= TgMet(M) into trace-free and
pure trace parts is the Riemannian analogue of the decomposition (4.1), especially
in that the S20T
∗M -component of a formal tangent vector γ′(0) ∈ S2T ∗M vanishes
if and only if γ′(0) is tangent to a curve in the weighted conformal class of γ(0).
This motivates us to define a C∞(M)-linear map tfφ : Γ
(
S2T ∗M
)
→ Γ
(
S2T ∗M
)
on any smooth metric measure space (Mn, g, v,m, µ) which produces the “weighted
trace-free component” of a given tensor field. While it is unclear how to define this
map in general, it is clear on a case-by-case basis: We denote
tfφ g := 0,
tfφ
(
Pmφ
)k
:=
(
Pmφ
)k
−
1
m+ n
Nmk,φg,
tfφ∇
2u := ∇2u−
1
m+ n
∆φu g,
tfφB
m
φ := B
m
φ
for all k ∈ N0 and all u ∈ C
∞(M). These definitions are motivated by considering
the trace-free part of the analogous Riemannian invariants in (m+ n)-dimensions.
Formally, the first variation (or linearization) of a weighted invariant I is the
exterior derivative DI. For example, if Imφ : M → C
∞(M) is a weighted scalar
invariant, its first variation is the map DImφ : TM→ C
∞(M) defined by
DImφ [h, ψ] :=
∂
∂t
∣∣∣∣
t=0
Imφ (γ(t))
for all (h, ψ) ∈ T(g,v)M and all (g, v) ∈ M, where γ : R → M is a smooth path
such that γ(0) = (g, v) and γ′(0) =
(
Ψm(g,v)
)−1
(h, ψ). A special case of interest is
the linearization of the restriction of a weighted scalar invariant Imφ to a weighted
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conformal class C, which we regard as a map DImφ : TC → C
∞(M). Our con-
vention (4.1) is such that for any (g, v) ∈ C, we may identify T(g,v)C ∼= C
∞(M)
by
T(g,v)C =
(
Ψm(g,v)
)−1
{(0, ψ) | ψ ∈ C∞(M)} .
Equivalently, we identify a function ψ ∈ C∞(M) with the tangent vector to the
curve
γ(t) =
(
e−
2tψ
m+n g, e−
tψ
m+n v
)
at t = 0. Note also that the identification T(g,v)C ∼= C
∞(M) gives rise to the
identification
(4.3) T(g,v)C1 ∼=
{
ψ ∈ C∞(M)
∣∣∣∣ ∫
M
ψ dν = 0
}
.
When (Mn,m, µ) and (g, v) ∈ C are clear by context, we simply identify T(g,v)C
with C∞(M) and we identify T(g,v)C1 with mean-free elements of C
∞(M).
We say that DImφ is formally self-adjoint if for each (g, v) ∈ C, the operator
DImφ : C
∞(M) → C∞(M) is formally self-adjoint with respect to the natural L2-
inner product on C∞(M) induced by dν(g, v).
Let C be a weighted conformal class on a weighted manifold (Mn,m, µ). A
weighted scalar invariant Imφ is conformally variational (on C) if there is a weighted
functional S such that
(4.4) DS[ψ] =
∫
M
Imφ ψ dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C. This property is equivalent to the self-
adjointness of DImφ (cf. [3, 4]).
Lemma 4.1. Let C be a weighted conformal class on (Mn,m, µ). A weighted
scalar invariant Imφ is conformally variational if and only if its linearization DI
m
φ
is formally self-adjoint. Moreover, if Imφ is conformally variational, then
(4.5) D
(∫
M
Imφ dν
)
[ψ] = −
∫
M
(
Imφ −DI
m
φ [1]
)
ψ dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C.
Proof. Consider the one-form Ω: TM→ R defined by
Ω[ψ] :=
∫
M
Imφ ψ dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C. By definition, I
m
φ is conformally variational
if and only if Ω is exact. Since C is contractible, Ω is exact if and only if it is
closed. A straightforward computation shows that the formal exterior derivative
DΩ: Λ2T(g,v)C→ R of Ω is
DΩ[ψ1, ψ2] =
∫
M
(
ψ2DI
m
φ [ψ1]− ψ1DI
m
φ [ψ2]
)
dν
for all ψ1, ψ2 ∈ T(g,v)C and all (g, v) ∈ C. Thus Ω is closed if and only if DI
m
φ
is formally self-adjoint, yielding the first assertion. The second assertion follows
immediately from the self-adjointness of DImφ and (4.1b). 
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If we restrict our attention to conformally variational weighted scalar invariants
Imφ which are homogeneous with respect to homotheties in C, then DI
m
φ [1] is a
constant multiple of Imφ , and hence (4.5) generically identifies the functional S in
the definition (4.4) of the conformally variational property. For this reason, one
frequently restricts attention to homogeneous invariants in the Riemannian setting
(cf. [4]). However, due to our goal of producing weighted functionals which include
weighted Einstein manifolds among their critical points, we do not impose this
homogeneity requirement; see Section 8 for a detailed discussion.
When computing the linearizations of the total weighted scalar curvature func-
tionals, it is useful to take advantage of the fact that M(M,m, µ) = M(M,m′, µ)
as sets for all m,m′ ∈ R. Hence TM(M,m, µ) = TM(M,m′, µ) as sets for all
m,m′ ∈ R. However, the identification T(g,v)M(M,m, µ) ∼= Γ
(
S2T ∗M
)
⊕ C∞(M)
via the function Ψm(g,v) depends on m. These observations allow us to relate the
maps Ψm(g,v) and Ψ
m′
(g,v).
Lemma 4.2. Fix m,m′ ∈ R+ and µ ∈ R. Let M
n be a smooth manifold. Given a
metric-measure structure (g, v) ∈M(M,m, µ) = M(M,m′, µ), define
Φm
′
m : Γ(S
2T ∗M)⊕ C∞(M)→ Γ
(
S2T ∗M
)
⊕ C∞(M)
by
Φm
′
m (h, ψ) =
(
h,
m′ + n
m+ n
ψ −
m−m′
2(m+ n)
trg h
)
.
Then
(
Ψm
′
(g,v)
)−1
◦Φm
′
m ◦Ψ
m
(g,v) : T(g,v)M(M,m, µ)→ T(g,v)M(M,m
′, µ) is the iden-
tity map.
Proof. Let γ : R → M be a smooth curve such that γ(0) = (g, v). Let dν(m)
and dν(m
′) denote the weighted volume elements on M(M,m, µ) and M(M,m′, µ),
respectively. A straightforward computation yields
dν(m
′) (γ(t))
dν(m′) (γ(0))
=
(
dν(m) (γ(t))
dν(m) (γ(0))
)m′+n
m+n (
det
(
(v−2g)−1v−2t gt
)) m−m′
2(m+n) .
for (gt, vt) = γ(t). The conclusion readily follows from (4.1). 
Lemma 4.2 can be reformulated as a statement about linearizations of weighted
invariants:
Corollary 4.3. Fix m,m′ ∈ R+ and µ ∈ R. Let M
n be a smooth manifold. Given
a metric-measure structure (g, v) ∈ M(M,m, µ) = M(M,m′, µ) and a weighted
invariant I, denote by D(m)I and D(m
′)I the linearizations of I when regarded as
functions of
Γ
(
S2T ∗M
)
⊕ C∞(M) ∼= T(g,v)M(M,m, µ),
Γ
(
S2T ∗M
)
⊕ C∞(M) ∼= T(g,v)M(M,m
′, µ),
respectively. Then
D(m)I = D(m
′)I ◦ Φm
′
m .
Since C(M,m, µ) = C(M,m′, µ) as sets, Corollary 4.3 also applies to lineariza-
tions of weighted invariants within weighted conformal classes. This observation is
also reflected in the fact that Φm
′
m acts as the identity in its first component.
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Corollary 4.3 is quite useful for computing the linearizations of the weighted σk-
curvatures for arbitrary scales κ. The reason for this is that it is straightforward
to compute the linearizations of the weighted σk-curvatures with scale κ = 0 (cf.
Section 8), while one can also exhibit the weighted σk-curvatures for arbitrary scales
as perturbations of the weighted σk-curvatures with scale κ through weighted σk-
curvatures of lower degree when computed with respect to different values of m.
We separate this latter observation into two results so as to highlight the role of
weighted conformal classes which are locally conformally flat in the weighted sense
for larger values of k.
Lemma 4.4. Let (Mn,m, µ) be a weighted manifold and fix κ ∈ R. Then
σ˜m1,φ = σ
m
1,φ +mκv
−1,(4.6)
σ˜m2,φ = σ
m
2,φ +
m(m+ n− 2)
m+ n− 3
κv−1σm−11,φ +
m(m− 1)
2
κ2v−2(4.7)
for all (g, v) ∈M.
Proof. (4.6) follows immediately from Corollary 2.3. Applying Corollary 2.3 and
Lemma 2.8 implies that
(4.8) σ˜m2,φ = σ
m
2,φ +mκv
−1sm1,φ +
(
m
2
)
κ2v−2.
On the other hand, (3.16) implies that
(4.9) sm1,φ =
m+ n− 2
m+ n− 3
σm−11,φ .
Inserting (4.9) into (4.8) yields (4.7). 
Lemma 4.5. Let (Mn,m, µ) be a weighted manifold and fix a scale κ ∈ R. Let
C ⊂M be a weighted conformal class which is locally conformally flat in the weighted
sense. Given an integer k ≤ m, it holds that
σ˜mk,φ =
k∑
j=0
(
m+ n− 2
m+ n− 2− j
)k−j (
m
j
)(
κv−1
)j
σm−jk−j,φ
for all (g, v) ∈ C.
Proof. Note that Lemma 2.8 and (4.9) together imply that
(4.10) σm−11
(
m− 1
m
Y mφ ;P
m
φ
)
=
m+ n− 2
m+ n− 3
σm−11
(
Y m−1φ ;P
m−1
φ
)
.
for all (g, v) ∈ M. On the other hand, since C is locally conformally flat in the
weighted sense, Lemma 3.2 and (3.15) imply that
Pmφ =
m+ n− 2
m+ n− 3
Pm−1φ .
It follows that
Am−1φ := Rm−
1
m+ n− 3
Pm−1φ ∧ g = 0;
i.e. (Mn, g, v,m− 1, µ) is locally conformally flat in the weighted sense. Therefore
(4.11) Pmφ =
m+ n− 2
m+ n− 2− k
Pm−kφ
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for all integers k ≤ m. Combining this with (4.10) and an obvious induction
argument yields
(4.12) Zmφ =
m+ n− 2
m+ n− 2− k
Zm−kφ
for all integers k ≤ m. Inserting (4.11) and (4.12) into Corollary 2.3 yields the
desired result. 
5. Variational status of the weighted σk-curvatures
By Lemma 4.1, answering the question of when the weighted σk-curvatures are
conformally variational can be achieved by characterizing when the linearizations
Dσ˜mk,φ are formally self-adjoint. To that end, we compute Dσ˜
m
k,φ.
Proposition 5.1. Let (Mn, g, v,m, µ) be a smooth metric measure space and fix
κ ∈ R and k ∈ N0. Set C = [g, v]. The linearization Dσ˜
m
k,φ : T(g,v)C→ C
∞(M) is
Dσ˜mk,φ[ψ] =
1
m+ n
(
2kσ˜mk,φ −mκv
−1s˜mk−1,φ
)
ψ +
m+ n− 2
m+ n
δφ
(
T˜mk−1,φ(∇ψ)
)
−
m+ n− 2
m+ n
k−3∑
ℓ=0
(−1)ℓT˜mk−3−ℓ,φ
(
∇ψ, dPmφ · Q˜
m
ℓ+1,φ
)
,
where Q˜mℓ,φ and · are as in Proposition 3.6.
Proof. By Proposition 3.6, it suffices to prove that
(5.1) Dσ˜mk,φ[ψ] =
1
m+ n
(
2kσ˜mk,φ −mκv
−1s˜mk−1,φ
)
ψ
+
m+ n− 2
m+ n
(
〈T˜mk−1,φ,∇
2ψ〉 − 〈s˜mk−1,φ∇φ,∇ψ〉
)
for all k ∈ N0. We prove (5.1) by induction.
Clearly (5.1) holds when k = 0. Suppose that (5.1) holds for some k ∈ N0.
From (3.5), we note that
(5.2) (k + 1)Dσ˜mk+1,φ =
k∑
j=0
(−1)j
[
N˜mj+1,φDσ˜
m
k−j,φ + σ˜
m
k−j,φDN˜
m
j+1,φ
]
.
Using Lemma 3.3, we observe that
DPmφ [ψ] =
m+ n− 2
m+ n
∇2ψ,
DZ˜mφ [ψ] =
1
m+ n
(
2Z˜mφ − κv
−1
)
ψ −
m+ n− 2
m(m+ n)
〈∇φ,∇ψ〉.
In particular,
(5.3) DN˜mk,φ[ψ] =
k
m+ n
(
2N˜mk,φ −mκv
−1
(
Z˜mφ
)k−1)
ψ
+
(m+ n− 2)k
m+ n
(〈(
Pmφ
)k−1
,∇2ψ
〉
−
〈(
Z˜mφ
)k−1
∇φ,∇ψ
〉)
.
30 JEFFREY S. CASE
Inserting (5.3) and the inductive hypothesis (5.1) into (5.2) yields
Dσ˜mk+1,φ[ψ] =
1
m+ n
(
2(k + 1)σ˜mk+1,φ −mκv
−1s˜mk,φ
)
ψ
+
m+ n− 2
m+ n
(
〈T˜mk,φ,∇
2ψ〉 − 〈s˜mk,φ∇φ,∇ψ〉
)
,
as desired. 
Our study of the formal self-adjointness of Dσ˜mk,φ follows the Riemannian ana-
logue carried about by Branson and Gover [4].
Theorem 5.2. Let C be a weighted conformal class on (Mn,m, µ). Fix κ ∈ R and
k ∈ N0. If k ≤ 2 or C is locally conformally flat in the weighted sense, then the
weighted σk-curvature is conformally variational. If additionally k ≤ m + n, then
the converse holds.
Proof. Denote
S˜mk,φ :=
k−3∑
ℓ=0
(−1)ℓT˜mk−3−ℓ,φ
(
dPmφ · Q˜
m
ℓ+1,φ
)
.
From Lemma 4.1 and Proposition 5.1, we see that σ˜mk,φ is conformally variational if
and only if
(5.4)
∫
M
〈
S˜mk,φ, ω∇η − η∇ω
〉
dν = 0
for all η, ω ∈ C∞0 (M) and all representatives of C. Clearly S˜
m
k,φ = 0 is sufficient
for (5.4) to hold. Suppose instead that (5.4) holds. Taking η = 1 and ω ∈ C∞0 (M)
yields δφS˜
m
k,φ = 0. Hence S˜
m
k,φ is orthogonal to ω∇η in L
2(dν) for all ω, η ∈ C∞0 (M).
This implies that S˜mk,φ = 0. We conclude that σ˜
m
k,φ is conformally variational if and
only if S˜mk,φ = 0 for all representatives of C.
Clearly S˜mk,φ = 0 if k ≤ 2 or C is locally conformally flat in the weighted sense.
We show that if 3 ≤ k ≤ m + n and S˜mk,φ = 0 for all (g, v) ∈ C, then C is locally
conformally flat in the weighted sense. Fix a representative (g, v) ∈ C, a point
p ∈ M , a vector X ∈ TpM , and a tensor Ω ∈ S
2T ∗pM . Let f ∈ C
∞(M) be such
that f(p) = 0, (∇f)p = X , and (∇
2f)p = Ω. Set (ĝ, v̂) =
(
e−
2f
m+n−2 g, e−
f
m+n−2 v
)
.
By Lemma 3.3, at p it holds that(
Pmφ
)
ĝ
= Pmφ +Ω +
1
m+ n− 2
X♭ ⊗X♭ −
1
2(m+ n− 2)
|X |2g,(
Z˜mφ
)
ĝ
= Z˜mφ −
1
m
〈X,∇φ〉 −
1
2(m+ n− 2)
|X |2,(
dPmφ
)
ĝ
= dPmφ −A
m
φ (·, ·, X, ·),
(5.5)
where the left-hand side (resp. right-hand side) of each equality is evaluated in terms
of (Mn, ĝ, v̂,m, µ) (resp. (Mn, g, v,m, µ)). We shall use (5.5) with two different
choices of Ω and X .
First, choose X0 ∈ TpM such that |X0|
2 = 2(m+ n− 2) and 〈X0,∇φ〉 = 0. Let
t ∈ R, set X = tX0, and choose Ω = −
1
m+n−2X
♭ ⊗X♭. It follows from (5.5) that
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(Q˜mℓ+1,φ)ĝ, (dP
m
φ )ĝ and (T˜ℓ,φ)ĝ are polynomial in t for all ℓ ∈ N; indeed,
(dPmφ )ĝ = −tA
m
φ (·, ·, X0, ·) + dP
m
φ ,
(Q˜mℓ+1,φ)ĝ = (−1)
ℓ(ℓ+ 1)t2ℓQ˜m1,φ +O(t
2ℓ−2),
(T˜ℓ,φ)ĝ = (−1)
ℓ
(
m+ n− 1
ℓ
)
t2ℓg +O(t2ℓ−2).
Using the identity
∑k
ℓ=0(−1)
ℓ(ℓ+ 1)
(
n
k−ℓ
)
=
(
n−2
k
)
, we compute that(
S˜mk,φ
)
ĝ
= (−1)k−3
(
m+ n− 3
k − 3
)
t2k−6
(
dPmφ − tA
m
φ (·, ·, X0, ·)
)
· Q˜m1,φ +O(t
2k−1).
Since t is arbitrary, dPmφ · (P
m
φ − Z˜
m
φ g) = 0. Since the representative (g, v) is
arbitrary, this holds for all representatives of C.
Second, choose X = 0 and let Ω be arbitrary. From (5.5) we see that, at p,(
dPmφ ·
(
Pmφ − Z˜
m
φ g
))
ĝ
= dPmφ ·
(
Pmφ − Z˜
m
φ g
)
+ dPmφ · Ω.
The conclusion of the previous paragraph implies that dPmφ ·Ω = 0 for all (g, v) ∈ C
and all Ω ∈ S2T ∗M . Hence dPmφ = 0 for all representatives (g, v) ∈ C. Lemma 3.3
then implies that Amφ = 0, as desired. 
5.1. The weighted σk-curvature functionals. Proposition 5.1 enables us to
compute the linearization of the total weighted σk-curvature functionals. Recalling
our goal that weighted Einstein metrics be stable with respect to these functionals,
some care is needed in defining them. In the case of scale zero, the definition of the
total weighted σk-curvature functionals is the expected one.
Definition 5.3. Let (Mn,m, µ) be a closed weighted manifold. Given k ∈ N, the
Fk-functional Fk : M→ R is defined by
Fk(g, v) :=
∫
M
σmk,φ dν.
From Proposition 5.1 we deduce that for generic values of m, the critical points
of the restriction of the Fk-functionals to C1 have constant weighted σk-curvature.
Proposition 5.4. Fix k ∈ N0 and let C be a weighted conformal class on a closed
weighted manifold (Mn,m, µ); if k ≥ 3, assume that C is locally conformally flat in
the weighted sense. Then the first variation DFk : TC→ R of the Fk-functional is
(5.6) DFk[ψ] = −
m+ n− 2k
m+ n
∫
M
σmk,φψ dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C. In particular, (g, v) ∈ C1 is a critical point
of the restriction Fk : C1 → R if and only if (M
n, g, v,m, µ) is such that σmk,φ is
constant.
Proof. Proposition 5.1 and the proof of Theorem 5.2 imply that
Dσmk,φ[ψ] =
2k
m+ n
σmk,φψ +
m+ n− 2
m+ n
δφ
(
Tmk−1,φ(∇ψ)
)
.
The conclusion (5.6) follows from this and (4.5). The characterization of the critical
points of Fk : C1 → R follows from (4.3) and (5.6). 
32 JEFFREY S. CASE
In the case of positive scale, the total weighted σk-curvature functionals are the
Yk-functionals defined below.
Definition 5.5. Let (Mn,m, 0) be a closed weighted manifold. Given k ∈ N, the
Zk-functional Zk : M× R+ → R and the Yk-functional Yk : M× R+ → R are
Zk(g, v, κ) := κ
− 2mk(m+n−1)
(m+n)(2m+n−2)
∫
M
σ˜mk,φ dν,
Yk(g, v, κ) := Zk(g, v, κ)
(∫
M
v−1 dν
)− 2mk
(m+n)(2m+n−2)
(∫
M
dν
)−m+n−2k
m+n
for all (g, v) ∈M and all κ ∈ R+.
The Yk-functionals are invariant with respect to both the natural homothetic
rescalings in a weighted conformal class and the homothetic rescalings within a
Riemannian conformal class.
Lemma 5.6. Let (Mn,m, 0) be a closed weighted manifold and let k ∈ N. Then
Yk(c
2g, cv, c−1κ) = Yk(g, v, κ),
Yk(c
2g, v, c−2κ) = Yk(g, v, κ)
for all (g, v) ∈M and all c, κ ∈ R+.
Proof. Observe that
σ˜mk,φ(c
2g, cv, c−1κ) = c−2kσ˜mk,φ(c
2g, cv, c−1κ), dν(c2g, cv, c−1κ) = cm+ndν(g, v, κ),
σ˜mk,φ(c
2g, v, c−2κ) = c−2kσ˜mk,φ(g, v, κ), dν(c
2g, v, c−2κ) = cndν(g, v, κ).
The conclusion readily follows. 
In the remainder of this section, we begin to explore the variational properties
of the Yk-functionals within a weighted conformal class C. Our interest is in the
cases when the weighted σk-curvatures are variational, hence we assume that C is
locally conformally flat in the weighted sense if k ≥ 3. The scale-invariance of the
Yk-functionals implies that it suffices to consider the Yk-functionals Yk : C → R
with scale κ > 0 defined by Yk(g, v) := Yk(g, v, κ).
Remark 5.7. The scale-invariance of the Yk-functionals implies that minimizers of
Yk : C×R+ → R are in one-to-one correspondence with minimizers of the functionals
Y˜k : C→ R defined by
Y˜k(g, v) = inf
κ>0
Yk(g, v, κ).
Up to composition with a monotone function depending only on m and n, Y˜1 is
equivalent to the functional Q1 introduced by the author [13] to study the weighted
scalar curvature.
In order to compute the linearizations of the Yk-functionals, we first consider
the linearizations of the Zk-functionals through variations of the scale κ.
Lemma 5.8. Let (Mn, g, v,m, 0) be a closed smooth metric measure space, fix
k ∈ N, and define Z : R+ → R by Z(κ) := Zk(g, v, κ). Then
(5.7) κZ ′(κ) = A(κ)
∫
M
[
σ˜mk,φ −
(m+ n)(2m+ n− 2)
2k(m+ n− 1)
κv−1s˜mk−1,φ
]
dν,
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where A(κ) = − 2mk(m+n−1)(m+n)(2m+n−2)κ
− 2mk(m+n−1)
(m+n)(2m+n−2) . In particular, if (Mn, g, v,m, 0) is
a weighted Einstein manifold with scale κ > 0, then Z ′(κ) = 0.
Proof. (5.7) follows immediately from Lemma 2.9. If (Mn, g, v,m, 0) is a weighted
Einstein manifold with scale κ, applying Proposition 3.15 and Proposition 3.16
yields Z ′(κ) = 0. 
Remark 5.9. Let p ∈ R and let (Mn, g, v,m, 0) be a weighted Einstein manifold
with scale κ > 0 and nonvanishing weighted Schouten tensor. The same argument
shows that the function Zp : R+ → R defined by Zp(κ) := κ
p
∫
σ˜mk,φ dν satisfies
Z ′p(κ) = 0 if and only if p = −
2mk(m+n−1)
(m+n)(2m+n−2) .
We now compute the linearizations of the Yk-functionals. Lemma 5.6 implies
that (5.7) is proportional to the linearization of Yk : C → R (with scale κ) when
restricted to homotheties. The critical points of the Yk-functionals are characterized
as follows:
Proposition 5.10. Let k ∈ N and let C be a weighted conformal class on a closed
weighted manifold (Mn,m, µ); if k ≥ 3, assume that C is locally conformally flat
in the weighted sense. Fix a scale κ > 0. Then (g, v) ∈ C is a critical point of
Yk : C→ R if and only if
(5.8) σ˜mk,φ +
m
m+ n− 2k
κv−1s˜mk−1,φ
=
∫
σ˜mk,φ dν∫
dν
+
m
m+ n− 2k
(∫
s˜mk−1,φv
−1 dν∫
v−1 dν
)
κv−1
and
(5.9)
∫
M
σ˜mk,φ dν =
(m+ n)(2m+ n− 2)
2k(m+ n− 1)
∫
M
κv−1s˜mk−1,φ dν.
Proof. Using Proposition 5.1 and Theorem 5.2, we compute that
(5.10) DZk[ψ] = −B(κ)
∫
M
(
m+ n− 2k
m+ n
σ˜mk,φ +
m
m+ n
κv−1s˜mk−1,φ
)
ψ dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C, where B(κ) = κ
− 2mk(m+n−1)
(m+n)(2m+n−2) . It follows that(∫
M
v−1 dν
) 2mk
(m+n)(2m+n−2)
(∫
M
dν
)m+n−2k
m+n
DYk[ψ]
= DZk[ψ] +
2mk(m+ n− 1)
(m+ n)2(2m+ n− 2)
Zk
∫
ψv−1 dν∫
v−1 dν
+
m+ n− 2k
m+ n
Zk
∫
ψ dν∫
dν
for all ψ ∈ T(g,v)C and all (g, v) ∈ C. Combining these two observations, we see
that (g, v) ∈ C is a critical point of Yk : C→ R if and only if
(5.11) σ˜mk,φ +
m
m+ n− 2k
κv−1s˜mk−1,φ
=
(
1∫
dν
+
2mk(m+ n− 1)
(m+ n)(m+ n− 2k)(2m+ n− 2)
v−1∫
v−1 dν
)∫
M
σ˜mk,φ dν.
Integrating with respect to dν yields that (5.11) is equivalent to (5.8) and (5.9). 
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6. Stability results for the F- and Y-functionals
It is known that closed Einstein metrics and closed gradient Ricci solitons are
stable with respect to the total σk-curvature functionals [39] and the total weighted
σk-curvature functionals [14], respectively. In this section we show that the same
is true for quasi-Einstein metrics. Based on these results and their usual proofs via
the Lichnerowicz–Obata Theorem [33, 35], we conjecture a Poincare´-type inequality
for weighted Einstein manifolds which would imply that such manifolds are stable
with respect to the Yk-functionals.
6.1. Stability for quasi-Einstein manifolds. We begin by computing the sec-
ond variation of the Fk-functional in the cases when the weighted σk-curvature is
variational.
Proposition 6.1. Let k ∈ N and let C be a weighted conformal class on a closed
weighted manifold (Mn,m, µ); if k ≥ 3, assume additionally that C is locally con-
formally flat in the weighted sense. Suppose that (g, v) ∈ C1 is a critical point of
the Fk-functional. Then the second variation D
2Fk : T(g,v)C1 → R is given by
D2Fk[ψ] =
(m+ n− 2)(m+ n− 2k)
(m+ n)2
∫
M
Tmk−1,φ(∇ψ,∇ψ) dν
−
2k(m+ n− 2k)
(m+ n)2
∫
M
σmk,φψ
2 dν
for all ψ ∈ T(g,v)C1.
Proof. By Proposition 5.4, since (g, v) is a critical point of Fk : C1 → R, the
weighted σk-curvature σ
m
k,φ is constant. Therefore
D2Fk[ψ] = −
m+ n− 2k
m+ n
∫
M
ψDσmk,φ[ψ] dν
for all ψ ∈ T(g,v)C1. The conclusion now follows from Proposition 5.1. 
Applying Proposition 6.1 in the case of a closed quasi-Einstein manifold yields
the desired stability result.
Theorem 6.2. Let k ∈ N and let (Mn, g, v,m, µ) be a closed quasi-Einstein man-
ifold such that Pmφ = λg > 0; if k ≥ 3, assume additionally that (g, v) is locally
conformally flat in the weighted sense. Then
(1) if k < m+n2 , then D
2Fk : T(g,v)C1 → R is positive definite; and
(2) if m+n2 < k ≤ m+ n, then D
2FkT(g,v)C1 → R is negative definite.
Proof. It follows readily from Proposition 3.15 and Proposition 6.1 that
(6.1) D2Fk[ψ] =
(
m+ n− 1
k − 1
)
(m+ n− 2)(m+ n− 2k)
(m+ n)2
λk−1
∫
M
|∇ψ|2 dν
−
(
m+ n
k
)
2k(m+ n− 2k)
(m+ n)2
λk
∫
M
ψ2 dν
for all ψ ∈ T(g,v)C1. Since P
m
φ = λg > 0, we see that Ric
m
φ =
2(m+n−1)
m+n−2 λg > 0. The
weighted Lichnerowicz theorem [1, Theorem 14] implies that λ1(−∆φ) >
2(m+n)
m+n−2 .
Inserting this into (6.1) yields the result. 
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Remark 6.3. We only consider the case of quasi-Einstein manifolds with positive
weighted Schouten tensor because any closed quasi-Einstein manifold with nonpos-
itive weighted Schouten tensor is an Einstein manifold [30].
6.2. Stability for weighted Einstein metrics. Proposition 3.15 and Proposi-
tion 5.10 imply that weighted Einstein manifolds with µ = 0 and scale κ are critical
points of the Yk-functional. In this subsection we conjecture a Lichnerowicz–Obata-
type result which, if true, implies that such manifolds are infinitesimal minimizers
of the Yk functionals. To that end, we compute the linearization of s˜
m
k−1,φ at a
weighted Einstein manifold.
Lemma 6.4. Let k ∈ N and let (Mn, g, v,m, 0) be a weighted Einstein manifold
with Pmφ = λg > 0 and scale κ > 0; if k ≥ 3, assume additionally that C = [g, v] is
locally conformally flat in the weighted sense. Then
(6.2) Ds˜mk−1,φ =
(
m+ n− 2
k − 2
)
λk−2
[
2(m+ n− 1)
m+ n
λψ −
m− 1
m+ n
κψv−1
+
m+ n− 2
m+ n
vδφ
(
v−1∇ψ
)]
.
Proof. By Lemma 2.8,
s˜mk−1,φ = σ
m−1
k−1
(
m− 1
m
(
Y mφ +mκv
−1
)
;Pmφ
)
.
Set κ(m−1) := m+n−3m+n−2κ. Arguing as in the proof of Lemma 4.5, we observe that
for any weighted conformal class C, assumed to be locally conformally flat in the
weighted sense if k ≥ 3, it holds that
(6.3) s˜mk−1,φ =
(
m+ n− 2
m+ n− 3
)k−1
σ˜m−1k−1,φ,
where σ˜m−1k−1,φ is defined in terms of the scale κ
(m−1). It follows from Corollary 4.3
and Proposition 5.1 that the linearization Dσ˜m−1k−1,φ : T(g,v)C(M,m, 0)→ C
∞(M) is
(6.4) Dσ˜m−1k−1,φ[ψ] =
1
m+ n
(
2(k − 1)σ˜m−1k−1,φ − (m− 1)κ
(m−1)v−1s˜m−1k−2,φ
)
ψ
+
m+ n− 3
m+ n
vδφ
(
v−1T˜m−1k−2,φ (∇ψ)
)
for
s˜m−1k−2,φ := s
m−1
k−2
(
Y m−1φ + (m− 1)κ
(m−1)v−1;Pm−1φ
)
,
T˜m−1k−2,φ := T
m−1
k−2
(
Y m−1φ + (m− 1)κ
(m−1)v−1;Pm−1φ
)
.
Inserting this into (6.3), using (3.12) and (6.3) to evaluate σ˜m−1k−1,φ, and using (4.11)
to evaluate s˜m−1k−2,φ and T˜
m−1
k−2,φ when k ≥ 3 yields (6.2). 
Lemma 6.4 enables us to compute the second variation of the Yk-functional at
a weighted Einstein manifold.
Proposition 6.5. Let k ∈ N and let (Mn, g, v,m, 0) be a closed weighted Einstein
manifold with Pmφ = λg > 0 and scale κ > 0; if k ≥ 3, assume additionally that
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C = [g, v] is locally conformally flat in the weighted sense. Then (g, v) is a critical
point of Yk : C→ R and the second variation D
2Yk : T(g,v)C→ R is given by
D2Yk[ψ] =
(m+ n− 2)(m+ n− 2k)
(m+ n)2
(
m+ n− 1
k − 1
)
V−a−1V
−b
0 λ
k−1I1[ψ]
+
m(m+ n− 2)
(m+ n)2
(
m+ n− 2
k − 2
)
V−a−1V
−b
0 λ
k−2κI2[ψ]
for all ψ ∈ T(g,v)C, where V−1 and V0 denote the functionals V−1 :=
∫
v−1dν and
V0 :=
∫
dν; a and b denote the constants a := 2mk(m+n)(2m+n−2) , b :=
m+n−2k
m+n ; and
(6.5a) I1[ψ] :=
∫
M
[
|∇ψ|2 −
2(m+ n)
m+ n− 2
(
ψ − ψ
)2
+
m
m+ n− 2
(
ψ2 − 2ψψ +
(m+ n− 1)(2m+ n)
(m+ n)(2m+ n− 2)
(∫
ψv−1∫
v−1
)
ψ
)
κv−1
]
dν
for ψ =
∫
ψ∫
1
and
(6.5b) I2[ψ] :=
∫
M
[
|∇ψ|2 −
2(m+ n− 1)
m+ n− 2
λψ2 +
m− 1
m+ n− 2
κψ2v−1
+
2(m+ n− 1)2
(m+ n− 2)(2m+ n− 2)
(∫
ψv−1∫
v−1
)
λψ
]
v−1 dν.
Proof. By rescaling if necessary, we may suppose that κ = 1. It follows immediately
from Proposition 3.15, Proposition 3.16 and Proposition 5.10 that (g, v) is a critical
point of the Yk-functional. In particular,
(6.6) 0 = DYk =
1
Va−1V
b
0
DZk − a
Yk
V−1
DV−1 − b
Yk
V0
DV0.
It follows from (6.6) that
(6.7) D2Yk =
1
Va−1V
b
0
D2Zk − a
Yk
V−1
D2V−1 − b
Yk
V0
D2V0 − a(a− 1)
Yk
V2−1
(DV−1)
2
− 2ab
Yk
V−1V0
(DV−1) (DV0)− b(b− 1)
Yk
V20
(DV0)
2 .
Next, observe that
(6.8)
DV−1[ψ] = −
m+ n− 1
m+ n
∫
M
ψv−1 dν, DV0[ψ] = −
∫
M
ψ dν,
D2V−1[ψ] =
(
m+ n− 1
m+ n
)2 ∫
M
ψ2v−1 dν, D2V0[ψ] =
∫
M
ψ2 dν.
From (5.10) we note that
(6.9)
D2Zk[ψ] = −
∫
M
(
m+ n− 2k
m+ n
Dσ˜mk,φ[ψ] +
m
m+ n
v−1Ds˜mk−1,φ[ψ]
)
ψ dν
+
∫
M
(
m+ n− 2k
m+ n
σ˜mk,φ +
m(m+ n− 1)
(m+ n)2
v−1s˜mk−1,φ
)
ψ2 dν.
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Since (Mn, g, v,m, 0) is weighted Einstein, Proposition 3.15 and Proposition 5.1
imply that
(6.10) Dσ˜mk,φ[ψ] =
(
m+ n− 1
k − 1
)(
2λk −
m
m+ n
λk−1v−1 +
m+ n− 2
m+ n
∆φ
)
ψ.
Inserting (6.2), (6.8), (6.9) and (6.10) into (6.7) yields the desired conclusion. 
Based on similar stability results for quasi-Einstein manifolds, we expect that
weighted Einstein manifolds are stable with respect to the Yk-functionals in the
cases when the weighted σk-curvatures are variational. Indeed, based on the proofs
of those results, we expect the following Poincare´-type inequalities for weighted
Einstein manifolds.
Conjecture 6.6. Let (Mn, g, v,m, 0) be a closed weighted Einstein manifold with
Pmφ = λg > 0 and scale κ > 0. Let I1, I2 : C
∞(M)→ R be as in (6.5). Then
inf
{
Ij [ψ]
∣∣∣∣ ∫
M
ψ dν = 1
}
> 0
for j ∈ {1, 2}. In particular, D2Yk : T(g,v)C→ R is positive definite.
7. Ellipticity and some Obata-type theorems
The results of Section 6 prove that quasi-Einstein manifolds are infinitesimally
rigid with respect to the Fk-functionals within a volume-normalized weighted con-
formal class in the cases when the weighted σk-curvatures are variational. It is
natural to ask if global rigidity holds. Global rigidity is known in the Riemann-
ian [36, 39] and infinite-dimensional [14] cases when k = 1 or within the weighted
conformal class of the respective flat model. One expects similar results for gen-
eral m ∈ R+. In this section we prove the analogous global rigidity result for
quasi-Einstein metrics. We also prove a result which is expected to play a key
role in establishing the analogous global rigidity result for weighted Einstein met-
rics. These results hold within the positive weighted elliptic k-cones, so named
because the Euler equations of the Fk- and Yk-functions are elliptic within these
cones. Based on these results, we conjecture certain sharp fully nonlinear Sobolev
inequalities.
Our strategy is modeled on Obata’s proof [36] that on a compact manifold,
every conformally Einstein constant scalar curvature metric is itself Einstein. There
are two key ingredients in his proof. First, the variational structure of the scalar
curvature yields a particular trace-free tensor which is divergence-free for every
constant scalar curvature metric. Second, if a metric is conformally Einstein, then
the trace-free part of the Schouten tensor is a positive multiple of an element of the
range of the conformal Killing operator; i.e. the trace-free part of the Lie derivative
on vector fields. In our setting, when the weighted σk-curvature is variational,
Proposition 3.6 effectively identifies the desired weighted trace-free tensor which is
divergence-free for critical points of the Fk- and Yk-functionals (cf. Section 8). The
analogous formula for the weighted Schouten tensor of a metric-measure structure
which is conformal to a weighted Einstein metric is as follows (cf. [12, 13]):
Lemma 7.1. Let (Mn, g, v,m, µ) be a smooth metric measure space and fix a scale
κ ∈ R. Suppose that u ∈ C∞(M ;R+) is such that the smooth metric measure space
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(Mn, ĝ, v̂,m, µ) with metric-measure structure (ĝ, v̂) := (u−2g, u−1v) is a weighted
Einstein manifold with scale κ̂ ∈ R. Then
(7.1) u
(
Pmφ − Z˜
m
φ g
)
= −(m+ n− 2)
(
∇2u+
1
m
〈∇u,∇φ〉 g
)
+ (κ̂− κu) v−1 g.
Proof. Since (Mn, ĝ, v̂,m, µ) is weighted Einstein with scale κ̂, it follows from (3.17)
that
P̂mφ − Ẑ
m
φ ĝ = κ̂v̂
−1ĝ.
Using Lemma 3.3 to evaluate P̂mφ and Ẑ
m
φ in terms of (M
n, g, v,m, µ) and u yields
the desired result. 
In the cases of interest to us, only the flat models discussed in Section 3 admit
multiple quasi-Einstein or weighted Einstein metric-measure structures within the
given weighted conformal class (cf. [13, Proposition 9.5]).
Proposition 7.2. Let C be a weighted conformal class on a weighted manifold
(Mn,m, µ). Suppose that (g, v), (ĝ, v̂) ∈ C are weighted Einstein metric-measure
structures with scale κ, κ̂ ∈ R, respectively. Set u = vv̂−1. Then either u is constant
or (Mn, g, v,m, µ) splits isometrically as a warped product. In particular:
(1) If (Mn, g, v,m, µ) is closed and κ = κ̂ = 0, then u is constant.
(2) If (Mn, g, v,m, µ) = (Sn+, dθ
2, cos r,m, 1) and κ̂ = κ = 0, then there exist a
constant c > 0 and a point ξ ∈ Rn = x−1n+1(0) such that
u(ζ) = c
(√
1 + |ξ|2 + ξ · ζ
)
.
(3) If (Mn, g, v,m, µ) = (Rn, dx2, 1,m, 0) and κ̂ > 0, then there exist a constant
c > 0 and a point x0 ∈ R
n such that
u(x) =
κ̂
2(m+ n− 2)
|x− x0|
2 + c.
Remark 7.3. Recall that the assumption that (Mn, g, v,m, µ) is closed means that
Mn is a closed manifold, v ∈ C∞(M ;R+) is a positive function onM , and m ∈ R+.
Proof. Suppose that u is nonconstant. Then (7.1) implies that ∇2u = 1n∆u g. It
is well-known (cf. [18]) that this condition implies that (Mn, g) splits as a warped
product over a one-dimensional base and that u depends only on the base. Indeed,
if Pmφ =
m+n−2
2 λg and P̂
m
φ =
m+n−2
2 λ̂ĝ, then Lemma 3.3 implies that
∇2u =
1
2
(
λ̂u−1 − λu + u−1|∇u|2
)
g.
Integrating this yields a constant c ∈ R such that
(7.2) (u′)
2
= −λu2 + cu− λ̂
(cf. [13]).
Suppose now that (Mn, g, v,m, µ) is closed and κ = κ̂ = 0. Solving (7.2) implies
that u is of the form u(t) = a + b cos t for b 6= 0 and a > |b|. Hence (Mn, g)
is homothetic to the round n-sphere. By rescaling and changing coordinates if
necessary, we may thus suppose that u(x) = a + bxn+1 for a > b > 0. Since
(Mn, g, v,m, µ) is quasi-Einstein and closed, v must be constant. Thus (7.1) yields
∇2u = 0, a contradiction. Thus u is constant in this case.
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Next, suppose that κ̂ = 0 and (Mn, g, v,m, µ) is the positive elliptic m-Gaussian.
By homothetically scaling if necessary, we may suppose that P̂mφ =
m+n−2
2 ĝ.
From (7.2) we conclude that there is a point ξ ∈ Rn+1 such that
u(ζ) =
√
1 + |ξ|2 + ξ · ζ.
On the other hand, (7.1) implies that
∇2u =
〈∇u,∇xn+1〉
xn+1
dθ2,
from which we conclude that ξn+1 = 0.
Finally, suppose that (Mn, g, v,m, µ) = (Rn, dx2, 1,m, 0) and κ̂ > 0. From (7.1)
we conclude that
∇2u =
κ̂
m+ n− 2
dx2.
Hence u is a quadratic polynomial on Rn with leading order term κ̂2(m+n−2) |x|
2, as
desired. 
7.1. An Obata-type theorem for quasi-Einstein manifolds. When the scale
vanishes κ, the tensor field Emk,φ defined below is the desired weighted analogue of
the trace-free tensor which is divergence-free for Riemannian metrics with constant
σk-curvature.
Lemma 7.4. Let k ∈ N and let (Mn, g, v,m, µ) be a smooth metric measure space;
if k ≥ 2, assume additionally that (g, v) is locally conformally flat in the weighted
sense. Define
Emk,φ := T
m
k,φ −
m+ n− k
m+ n
σmk,φg.
Then
δφE
m
k,φ −
1
m
trEmk,φ dφ = −
m+ n− k
m+ n
dσmk,φ.
Proof. A straightforward computation yields
trTmk,φ = (m+ n− k)σ
m
k,φ −ms
m
k,φ.
In particular, it holds that
trEmk,φ =
m(m+ n− k)
m+ n
σmk,φ −ms
m
k,φ.
The conclusion now follows from Proposition 3.6. 
We only expect global rigidity within the positive weighted elliptic k-cones.
Definition 7.5. Fix k ∈ N0. The positive weighted elliptic k-cone Γ
+
k on a weighted
manifold (Mn,m, µ) is the set
Γ+k :=
{
(g, v) ∈M
∣∣ (g(p), v(p)) ∈ Γ+k for all p ∈M} .
Note that Euler equation of the Fk-functional is elliptic within the positive
weighted elliptic k-cone.
40 JEFFREY S. CASE
Proposition 7.6. Let C be a weighted conformal class on (Mn,m, µ). Fix k ∈ N0
and a representative (g, v) ∈ C. Identify
(7.3) C ∩ Γ+k =
{
u ∈ C∞(M ;R)
∣∣ (u−2g, u−1v) ∈ Γ+k } .
Then the operator D : C ∩ Γ+k → C
∞(M) defined by D(u) := σmk,φ(u
−2g, u−1v) is
elliptic.
Proof. Proposition 5.1 implies that the principal symbol of the linearization of D
at u ∈ C ∩ Γ+k is
m+n−2
m+n T
m
k−1,φ, where T
m
k−1,φ is the (k − 1)-th weighted Newton
tensor of (u−2g, u−1v). Corollary 2.18 then implies that D is elliptic at u. 
We now adapt Obata’s argument [36] to closed quasi-Einstein manifolds.
Theorem 7.7. Let k ∈ N and let (Mn, ĝ, v̂,m, µ) be a closed quasi-Einstein man-
ifold such that
∫
dν̂ = 1 and Pmφ > 0; if k ≥ 2, assume additionally that C := [ĝ, v̂]
is locally conformally flat in the weighted sense. Then (g, v) ∈ C1 ∩ Γ
+
k is a critical
point of Fk : C1 → R if and only if (g, v) = (ĝ, v̂).
Proof. First, suppose that (g, v) = (ĝ, v̂). It follows from Proposition 3.15 and
Proposition 5.4 that (g, v) is in the weighted elliptic cone Γ+k and is a critical point
of the Fk-functional Fk : C1 → R.
Conversely, suppose that (g, v) is a critical point of the Fk-functional. It follows
from Proposition 5.4 that σmk,φ is constant. Let E
m
k,φ be as in Lemma 7.4. Then
(7.4) δφE
m
k,φ −
1
m
trEmk,φ dφ = 0.
Let u = vv̂−1. Using Lemma 7.1 and (7.4), we compute that
0 =
∫
M
〈
Emk,φ,∇
2u+
1
m
〈∇u,∇φ〉 g
〉
dν
= −
1
m+ n− 2
∫
M
u
〈
Emk,φ, P
m
φ − Z
m
φ g
〉
dν.
It follows from Corollary 2.17 that (g, v) is quasi-Einstein. Proposition 7.2 and the
normalization (g, v), (ĝ, v̂) ∈ C1 then imply that (g, v) = (ĝ, v̂). 
We expect that the assumption thatM is closed in Theorem 7.7 can be removed;
i.e. that one can use the assumption that dν is a finite measure to still carry out
the integration by parts (cf. [17, 22]). We further expect that, with a lot of work,
one can show that the Fk-functional realizes its infimum under suitable geometric
assumptions on the background smooth metric measure space (cf. [24, 38]). These
expectations motivate the following conjecture (cf. [25]).
Conjecture 7.8. Fix k ∈ N and let C be the weighted conformal class of the
weighted elliptic m-Gaussian (Sn+, dθ
2, cos r,m, 1). It holds that
(7.5)
∫
M
σmk,φ dν ≥ C
(∫
M
dν
)m+n−2k
m+n
for all (g, v) ∈ C ∩ Γ+k , where C = Yk(dθ
2, cos r). Moreover, equality holds in (7.5)
if and only if (Sn+, g, v,m, 1) is homothetic to a weighted elliptic m-Gaussian.
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7.2. Towards an Obata theorem for the Yk-functional on S
n. For smooth
metric measure spaces with positive scale, the analogue of Lemma 7.4 is as follows:
Proposition 7.9. Fix k ∈ N and let (Mn, g, v,m, µ) be a smooth metric measure
space; if k ≥ 2, assume additionally that (g, v) is locally conformally flat in the
weighted sense. Define
E˜mk,φ := T˜
m
k,φ −
m+ n− k
m+ n
σ˜mk,φg,(7.6)
U˜mk−1,φ := T
m−1
k−1
(
m− 1
m
Y˜ mφ ;P
m
φ
)
−
m+ n− k
m+ n
s˜mk−1,φg,(7.7)
σ̂mk,φ := σ˜
m
k,φ +
m
m+ n− 2k
(
s˜mk−1,φ −
∫
s˜mk−1,φv
−1∫
v−1
)
κv−1,(7.8)
Êmk,φ := E˜
m
k,φ +
m
m+ n− 2k
κv−1U˜mk−1,φ(7.9)
−
m(m+ n− k)
(m+ n)(m+ n− 1)(m+ n− 2k)
(∫
s˜mk−1,φv
−1∫
v−1
)
κv−1g.
Then it holds that
δφÊ
m
k,φ −
1
m
tr Êmk,φ dφ = −
m+ n− k
m+ n
dσ̂mk,φ.
Proof. A straightforward computation yields
tr E˜mk,φ =
m(m+ n− k)
m+ n
σ˜mk,φ −ms˜
m
k,φ.
Combining this with Proposition 3.6 yields
(7.10) δφE˜
m
k,φ −
1
m
tr E˜mk,φ dφ = −
m+ n− k
m+ n
dσ˜mk,φ.
Next we show that
(7.11) δφ
(
v−1U˜mk−1,φ
)
−
1
m
tr
(
v−1U˜mk−1,φ
)
dφ = −
m+ n− k
m+ n
d
(
v−1s˜mk−1,φ
)
.
This is clear if k = 1, so suppose k ≥ 2. Arguing as in the proof of Lemma 4.5, we
see that
(7.12) U˜mk−1,φ =
(
m+ n− 2
m+ n− 3
)k−1 (
E˜m−1k−1,φ +
m+ n− k
(m+ n)(m+ n− 1)
σ˜m−1k−1,φg
)
(cf. Lemma 6.4), where E˜m−1k−1,φ is defined by (7.6) in terms of (M
n, g, v,m−1, µ) and
the scale κ(m−1) := m+n−3m+n−2κ. Let δ
(m−1)
φ denote the divergence with respect to the
weighted measure dν(m−1) of (Mn, g, v,m−1, µ). Note that δ
(m−1)
φ = v◦δ
(m)
φ ◦v
−1,
where v and v−1 act as multiplication operators. In particular, (7.10) and (7.12)
together yield (7.11).
Finally, a simple calculation yields
(7.13) δφ
(
v−1g
)
−
1
m
tr
(
v−1g
)
dφ = −(m+ n− 1)dv−1.
Combining (7.10), (7.11) and (7.13) yields the conclusion. 
42 JEFFREY S. CASE
By Proposition 5.10, the Euler equation of the Yk-functional with scale κ is com-
pletely determined by σ̂mk,φ. The Euler equation is also elliptic within the positive
weighted elliptic k-cone.
Proposition 7.10. Fix k ∈ N0 and κ ∈ R+. Let C be a weighted conformal class
on (Mn,m, 0) and fix a representative (g, v) ∈ C. If k ≥ 3, assume additionally that
C is locally conformally flat in the weighted sense. In terms of (7.3), the operator
D : C ∩ Γ+k → C
∞(M) defined by D(u) := σ̂mk,φ(u
−2g, u−1v) is elliptic.
Proof. By Proposition 5.1 and (6.4), the principal symbol of the linearization of D
at u ∈ C ∩ Γ+k is
m+ n− 2
m+ n
(
T˜mk−1,φ +
m
m+ n− 2k
κv−1T˜m−1k−2,φ
)
,
where T˜mk−1,φ and T˜
m
k−2,φ are defined in terms of (M
n, u−2g, u−1v,m, 0) with scale
κ and (Mn, u−2g, u−1v,m − 1, 0) with scale m+n−3m+n−2κ, respectively. Corollary 2.18
implies that T˜mk−1,φ > 0. Lemma 2.8, Corollary 2.18, and an argument as in the
proof of Lemma 4.5 imply that T˜mk−2,φ > 0. This yields the conclusion. 
The form of the tensor Êmk,φ makes it difficult to deduce a general Obata-type
theorem for conformally weighted Einstein manifolds (Mn, g, v,m, 0) with scale
κ ∈ R+ for which σ̂
m
k,φ is constant. In this setting, it is still the case that an
integral pairing with Êmk,φ vanishes, but it is not apparent how to deduce that (g, v)
is a weighted Einstein metric-measure structure. This difficulty is even apparent in
the standard conformal class of the m-weighted n-sphere, as we illustrate below:
Corollary 7.11. Fix k ∈ N and a scale κ > 0. Let C = [g0, v0] be the stan-
dard weighted conformal class on the m-weighted n-sphere (Sn,m, 0). Suppose that
(g, v) ∈ C is a critical point of Yk : C→ R. Then
(7.14)
∫
Sn
〈
Êmk,φ, v
(
Pmφ − Z˜
m
φ g
)
+ κg
〉
dν = 0.
Remark 7.12. When k = 1, one can check that if (g, v) ∈ C∩ Γ+1 , then (7.14) has a
sign; cf. [13, Proposition 9.7]. It is unclear whether the analogous statement holds
for k ≥ 2.
Proof. Since the compactification of the flat metric-measure structure (dx2, 1) on
(Rn,m, 0) is an element of C, it holds that v−2g = dx2. In particular, Lemma 7.1
implies that
(7.15) v
(
Pmφ − Z˜
m
φ g
)
+ κg = −(m+ n− 2)
(
∇2v +
1
m
〈∇v,∇φ〉 g
)
.
Since (g, v) is a critical point of the Yk-functional, Proposition 5.10 implies that
σ̂mk,φ is constant. In particular, Proposition 7.9 yields that
(7.16) δφÊ
m
k,φ −
1
m
tr Êmk,φ dφ = 0.
Combining (7.15) and (7.16) yields (7.14). 
Motivated both by the fully nonlinear Sobolev-type inequality known in Rie-
mannian geometry [25] and our discussion surrounding Conjecture 7.8, we expect
the following fully nonlinear Gagliardo–Nirenberg inequality:
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Conjecture 7.13. Fix k ∈ N and let C = [dx2, 1] be the standard weighted con-
formal class on the m-weighted Euclidean space (Rn,m, 0). It holds that
(7.17) κ−
2mk(m+n−1)
(m+n)(2m+n−2)
∫
Rn
σ˜mk,φ ≥ C
(∫
Rn
v−1 dν
) 2mk
(m+n)(2m+n−2)
(∫
Rn
dν
)m+n−2k
m+n
for all (g, v) ∈ C ∩ Γ+k and all κ > 0, where σ˜
m
k,φ is defined in terms of the scale
κ and C = Yk(g0, v0) is the Yk-functional evaluated at the standard m-weighted
n-sphere with scale κ = m+n− 2. Moreover, equality holds in (7.17) if and only if
(Rn, g, v,m, 0) is homothetic to the standard m-weighted n-sphere with the point
(0, . . . , 0, 1) removed.
Note that Del Pino and Dolbeault [20] have proven Conjecture 7.13 in the case
k = 1 (cf. [13]).
8. Critical points of the Y-functional
In this section we compute the linearizations of the total weighted σ1- and σ2-
curvatures with the goal of showing that weighted Einstein manifolds are among
their critical points. Specifically, in the case of scale zero, we show that quasi-
Einstein manifolds are critical points of the restriction Fk : M1 → R of the Fk-
functional to metric-measure structures of fixed volume when k ∈ {1, 2}. In the
case when the scale κ is positive, we show that weighted Einstein manifolds with
µ = 0 and scale κ are among the critical points of the Yk-functional Yk : M → R
when k ∈ {1, 2}.
In order to achieve our goal, we compute the linearizations of the Fk-functionals
for k ∈ {0, 1, 2}. This is enough to compute the linearizations of the Yk-functionals
for k ∈ {0, 1, 2}. Indeed, fix a scale κ ∈ R and define functionals F˜k : M→ R by
F˜k(g, v) :=
∫
M
σ˜mk,φ dν,
where σ˜mk,φ is determined by (g, v) ∈M and the scale κ. When κ = 0, it holds that
F˜k = Fk. When κ > 0, it holds that
Yk(g, v) = κ
− 2mk(m+n−1)
(m+n)(2m+n−2) F˜k(g, v)
(∫
M
v−1 dν
)− 2mk(m+n)(2m+n−2)
F0(g, v)
−m+n−2k
m+n .
Below we compute the linearizations of F˜k and of
∫
M
v−1dν in terms of the lin-
earizations of Fj , j ∈ {0, 1, 2}.
We compute the linearizations of the Fk-functionals by first computing the lin-
earizations of the weighted σk-curvatures as functions of M. While this level of
generality is not necessary for our computations, we include it with the expectation
that it will be useful for other purposes, such as computing the second variations
of the weighted σk-curvature functionals or computing the linearizations of the
weighted σk-curvature functionals for larger values of k.
8.1. The first variation of Jmφ . We begin by computing the first variation of
the weighted scalar curvature. As we illustrate below, this readily yields the first
variation of integrals of powers of Jmφ .
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Lemma 8.1. Let (Mn, g, v,m, µ) be a smooth metric measure space. The first
variation DJmφ : T(g,ψ)M→ C
∞(M) is given by
DJmφ [h, ψ] = −
m+ n− 2
2(m+ n− 1)
[〈
tfφ P
m
φ , h
〉
− δ2φh+
1
m+ n
∆φ tr h
]
+
2
m+ n
Jmφ ψ +
m+ n− 2
m+ n
∆φψ.
Proof. Let γ : R → M be a smooth curve with γ(0) = (g, φ) and denote γ′(0) =
(g˙,− 1mvφ˙). By [8, (4.8)],
∂Rmφ
∂t
∣∣∣∣
t=0
= −
〈
Ricmφ , g˙
〉
+δ2φg˙+2∆φ
(
φ˙−
1
2
trg g˙
)
−
2
m
〈∇φ,∇φ˙〉+2(m−1)µv−2φ˙.
The result then follows by using Lemma 3.1 and (4.2) to write this in terms of h,
ψ, the weighted Schouten tensor, and its trace. 
An immediate consequence of (4.1b) and Lemma 8.1 is the first variation of the
total weighted scalar curvature functional.
Corollary 8.2. Let (Mn, g, v,m, µ) be a closed smooth metric measure space. Then
D
(∫
M
Jmφ dν
)
[h, ψ] = −
∫
M
[
m+ n− 2
2(m+ n− 1)
〈
tfφ P
m
φ , h
〉
+
m+ n− 2
m+ n
Jmφ ψ
]
dν.
Lemma 8.1 also yields the first variation of
∫ (
Jmφ
)2
.
Corollary 8.3. Let (Mn, g, v,m, µ) be a closed smooth metric measure space. Then
D
(∫
M
(
Jmφ
)2
dν
)
[h, ψ] =
m+ n− 2
m+ n− 1
∫
M
〈
tfφ
(
∇2Jmφ − J
m
φ P
m
φ
)
, h
〉
dν
+
∫
M
(
2(m+ n− 2)
m+ n
∆φJ
m
φ −
m+ n− 4
m+ n
(
Jmφ
)2)
ψ dν.
Proof. Recall that ∆φ is formally self-adjoint with respect to dν and that δφ is the
negative of the formal adjoint with respect to dν of the Levi-Civita connection. In
particular, ∫
M
uδ2φh dν =
∫
M
〈
∇2u, h
〉
dν
for all u ∈ C∞(M) and all h ∈ Γ(S2T ∗M). The conclusion follows readily from
Lemma 8.1. 
8.2. The first variation of Nm2,φ. The first step in computing the first variation
of Nm2,φ is to compute the first variation DP
m
φ : TM→ Γ
(
S2T ∗M
)
of the weighted
Schouten tensor. To that end, we require some additional notation.
Given sectionsA ∈ Γ
(
S2Λ2T ∗M
)
and T ∈ Γ
(
S2T ∗M
)
, define A·T ∈ Γ
(
S2T ∗M
)
by
(A · T )(x, y) := 〈A(·, x, ·, y), T 〉
for all x, y ∈ TpM and all p ∈ M . Denote by T ♯ the extension of the natural
action of g−1T ∈ Γ (T ∗M ⊗ TM) on vector fields to a derivation on tensor fields.
In particular, given S ∈ Γ
(
S2T ∗M
)
, the section T ♯ S ∈ Γ
(
S2T ∗M
)
is given by
(T ♯ S) (x, y) := −S (T (x), y)− S (x, T (y)) .
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Denote by dT ∈ Γ
(
Λ2T ∗M ⊗ T ∗M
)
the twisted exterior derivative
dT (x, y, z) := ∇xT (y, z)−∇yT (x, z)
and denote by δφdT ∈ Γ (T
∗M ⊗ T ∗M) the composition with the weighted diver-
gence
(δφdT ) (x, y) :=
n∑
i=1
∇eidT (ei, x, y)− dT (∇φ, x, y),
where {ei}
n
i=1 is an orthonormal basis for TpM .
Lemma 8.4. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
DPmφ [h, ψ] = −
1
2
δφdh+
1
4
Lδφhg −
1
2(m+ n− 1)
(
δ2φh−∆φ tr h
)
g
−
1
m+ n
∇2 tr h−
1
2
Amφ · h−
1
2(m+ n− 2)
Jmφ h
+
1
2(m+ n− 1)(m+ n− 2)
〈Tm1,φ, h〉 g −
m+ n
4(m+ n− 2)
Pmφ ♯ h
−
1
2(m+ n− 2)
(tr h)Pmφ −
1
4m
(dφ⊗ dφ) ♯ h+
m+ n− 2
m+ n
∇2ψ.
Proof. Let γ : R → M be a smooth curve such that γ(0) = (g, φ) and denote
γ′(0) = (g˙,− 1mvφ˙). It follows readily from well-known variational formulae for the
Ricci tensor and the Hessian (cf. [2, Section 1.K]) that
∂
∂t
∣∣∣∣
t=0
Ricmφ = −
1
2
∆φg˙ +
1
2
Lδφg˙g −
1
2
(
Ricmφ +
1
m
dφ⊗ dφ
)
♯ g˙ − Rm ·g˙
−
2
m
dφ⊙ dφ˙ +∇2
(
φ˙−
1
2
tr g˙
)
.
It follows from (4.2) that
DRicmφ [h, ψ] = −
1
2
∆φh+
1
2
Lδφhg −
1
m+ n
∇2 tr h+
1
2(m+ n)
∆φ(tr h)g
−
1
2
(
Ricmφ +
1
m
dφ⊗ dφ
)
♯ h− Rm ·h+
m+ n− 2
m+ n
∇2ψ +
1
m+ n
∆φψ g.
The final conclusion follows from Lemma 8.1 and the Weitzenbo¨ck formula
∆φT = δφdT +
1
2
LδφT g − Rm ·T −
1
2
(
Ricmφ +
1
m
dφ⊗ dφ
)
♯ T
which holds for all T ∈ Γ
(
S2T ∗M
)
(cf. [14, Lemma 5.6]). 
This allows us to compute the linearization DY mφ : TM→ C
∞(M).
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Corollary 8.5. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
DY mφ [h, ψ] = −
m
2(m+ n− 1)
(
δ2φh−∆φh
)
−
1
2
δφ (h(∇φ)) −
1
2
〈δφh,∇φ〉
+
1
m+ n
〈∇φ,∇ tr h〉+
1
2
〈trAmφ , h〉 −
1
2m
h(∇φ,∇φ)
+
m
2(m+ n− 1)(m+ n− 2)
〈Tm1,φ, h〉+
m+ n− 4
2(m+ n)(m+ n− 2)
Y mφ trh
+
2
m+ n
ψY mφ −
m+ n− 2
m+ n
〈∇φ,∇ψ〉.
Proof. It follows from (4.2) and the definition of Y mφ that
DY mφ [h, ψ] = DJ
m
φ [h, ψ]− trDP
m
φ [h, ψ] +
〈
Pmφ , h−
2
m+ n
(
ψ +
1
2
tr h
)
g
〉
.
The final conclusion follows from Lemma 8.1 and Lemma 8.4. 
Combining Lemma 8.4 and Corollary 8.5 yields a formula for the first variation
DNm2,φ : TM → C
∞(M). To that end, recall that given A ∈ Γ
(
Λ2T ∗M ⊗ T ∗M
)
and T ∈ Γ
(
S2T ∗M
)
, we denote by A · T ∈ Γ (T ∗M) the contraction
(A · T ) (x) :=
n∑
i=1
A (ei, x, T (ei)) .
Lemma 8.6. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
DNm2,φ[h, ψ] = −
〈
Ψm2,φ, h
〉
+Υm2,φψ + δφ
(
Ξm2,φ[h, ψ]
)
,
where
Ψm2,φ = tfφ
(
Bmφ +
m+ n− 4
m+ n− 2
(
Pmφ
)2
−
m+ n− 2
m+ n− 1
∇2Jmφ
+
m+ n
(m+ n− 1)(m+ n− 2)
Jmφ P
m
φ
)
,
Υm2,φ =
2(m+ n− 2)
m+ n
∆φJ
m
φ +
4
m+ n
Nm2,φ,
Ξm2,φ[h, ψ] = dh · P
m
φ − dP
m
φ · h+ P
m
φ (δφh)−
2
m+ n
Pmφ (∇ tr h)−
1
m
Y mφ h(∇φ)
−
m+ n− 2
m+ n− 1
h
(
∇Jmφ
)
+
m+ n− 2
(m+ n)(m+ n− 1)
(tr h)dJmφ
+
1
m+ n− 1
(
Jmφ (d tr h− δφh)
)
+
2(m+ n− 2)
m+ n
(
Pmφ (∇ψ) − ψ dJ
m
φ
)
.
Proof. From the definition of Nm2,φ we see that
DNm2,φ[h, ψ] = 2〈P
m
φ , DP
m
φ [h, ψ]〉+
2
m
Y mφ DY
m
φ [h, ψ]
− 2
〈(
Pmφ
)2
, h−
2
m+ n
(
ψ +
1
2
tr h
)
g
〉
.
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Lemma 3.2 implies that〈(
Pmφ −
Y mφ
m
g
)
(∇φ), h(∇φ)
〉
− Y mφ δφ (h(∇φ))
=
〈
tr dPmφ ⊗ dφ, h
〉
− δφ
(
Y mφ h(∇φ)
)
.
Lemma 3.2 also implies that
1
2
〈
Pmφ , Lδφhg
〉
−
1
m
〈
Y mφ ∇φ, δφh
〉
=
〈
∇2Jmφ , h
〉
+ δφ
(
Pmφ (δφh)− h(∇J
m
φ )
)
,〈
Pmφ ,∇
2 trh
〉
−
1
m
〈
Y mφ ∇φ,∇ tr h
〉
= (tr h)∆φJ
m
φ + δφ
(
Pmφ (∇ tr h)− (tr h)dJ
m
φ
)
,〈
Pmφ ,∇
2ψ
〉
−
1
m
〈
Y mφ ∇φ,∇ψ
〉
= ψ∆φJ
m
φ + δφ
(
Pmφ (∇ψ)− ψ dJ
m
φ
)
.
Finally, straightforward computations yield〈
δφdh, P
m
φ
〉
=
〈
δφdP
m
φ , h
〉
− δφ
(
dh · Pmφ − dP
m
φ · h
)
,
Jmφ
(
δ2φh−∆φ trh
)
=
〈
∇2Jmφ −∆φJ
m
φ g, h
〉
+ δφ
(
Jmφ (δφh− d tr h) + (tr h)dJ
m
φ − h(∇J
m
φ )
)
.
Combining these facts with Lemma 8.4 and Corollary 8.5 yields the desired result.

An immediate consequence of (4.1b) and Lemma 8.6 is the first variation of the
total Nm2,φ-curvature functional.
Corollary 8.7. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
D
(∫
M
Nm2,φ dν
)
[h, ψ] = −
∫
M
〈
Ψm2,φ, h
〉
dν
+
∫
M
(
2(m+ n− 2)
m+ n
∆φJ
m
φ −
m+ n− 4
m+ n
Nm2,φ
)
ψ dν.
An immediate consequence of Corollary 8.3 and Corollary 8.7 is the first variation
of the total σ2-curvature functional F2.
Corollary 8.8. Let (Mn, g, v,m, µ) be a smooth metric measure space. Then
DF2[h, ψ] =
1
2
∫
M
〈
Em2,φ, h
〉
dν −
m+ n− 4
m+ n
∫
M
σm2,φψ dν,
where
Em2,φ := tfφ
(
Bmφ +
m+ n− 4
m+ n− 2
Tm2,φ
)
.
8.3. The first variation of the Y-functionals. Corollary 8.2 and Corollary 8.8
give formulae for the linearizations of the F1- and F2-functionals. In particu-
lar, combining these results with Proposition 3.15 immediately shows that quasi-
Einstein manifolds are critical points of the volume-normalized Fk-functionals for
k ∈ {1, 2}.
Proposition 8.9. Let (Mn, g, v,m, µ) be a closed quasi-Einstein manifold. Assume
that (g, v) ∈ M1. Then (g, v) is a critical point of Fk : M1 → R for k ∈ {1, 2}.
Moreover, if (g, v) is a critical point of F1 : M1 → R, then it is a quasi-Einstein
metric-measure structure.
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Corollary 8.2 and Corollary 8.8 also provide key ingredients for proving that
weighted Einstein manifolds with µ = 0 and positive scale are critical points of the
Yk-functionals for k ∈ {1, 2}. Indeed, combining these results with Corollary 4.3
and Lemma 4.4 allows us to compute the linearizations of the F˜k-functionals. We
begin by explaining the relevance of Corollary 4.3. Given a closed weighted man-
ifold (Mn,m, µ) and an integer k ≤ m, denote by F
(m−k)
0 ,F
(m−1)
1 : M → R the
functionals
F
(m−k)
0 (g, v) :=
∫
M
dν(m−k),
F
(m−1)
1 (g, v) :=
∫
M
σm−11,φ dν
(m−1),
where dν(m−k) and σm−11,φ are the weighted volume element on M(M,m− k, µ) and
the weighted scalar curvature on M(M,m− 1, µ), respectively. The linearizations
D(m−k)F
(m−k)
0 : TM(M,m− k, µ)→ R,
D(m−1)F
(m−1)
1 : TM(M,m− 1, µ)→ R
are readily computed from (4.1) and Corollary 8.2, respectively. Applying Corol-
lary 4.3 yields the following result.
Proposition 8.10. Let (Mn, g, v,m, µ) be a closed smooth metric measure space
and let k ∈ R. Regard F
(m−k)
0 and F
(m−1)
1 as functionals on M(M,m, µ). Then
DF
(m−k)
0 [h, ψ] =
k
2(m+ n)
∫
M
〈
v−kg, h
〉
dν(m) −
m+ n− k
m+ n
∫
M
ψv−k dν(m),
DF
(m−1)
1 [h, ψ] =
m+ n− 3
2(m+ n− 2)
∫
M
v−1
〈
Tm−11,φ −
m+ n− 2
m+ n
σm−11,φ g, h
〉
dν(m)
−
m+ n− 3
m+ n
∫
M
ψv−1σm−11,φ dν
(m).
Proof. (4.1) implies that
D(m−k)F
(m−k)
0 [h, ψ] = −
∫
M
ψ dν(m−k).
Corollary 4.3 then yields the formula for DF
(m−k)
0 . On the other hand, Corol-
lary 8.2 implies that
D(m−1)F
(m−1)
1 [h, ψ] = −
m+ n− 3
m+ n− 1
∫
M
σm−11,φ ψ dν
(m−1)
+
m+ n− 3
2(m+ n− 2)
∫
M
〈
Tm−11,φ −
m+ n− 2
m+ n− 1
σm−11,φ g, h
〉
dν(m−1).
Corollary 4.3 then yields the formula for DF
(m−1)
1 . 
Given a weighted manifold (Mn,m, µ) and a positive integer j ≤ m, Proposi-
tion 8.10 motivates the definitions
tfφ T
m−j
k−j,φ := T
m−j
k−j,φ −
m+ n− k
m+ n
σm−jk−j,φg
on M(M,m, µ).
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By Lemma 4.4 and Proposition 8.10, one can compute the linearization of F˜k,
k ∈ {0, 1, 2}, in terms of the linearizations of F
(m−j)
(k−j) , 0 ≤ j ≤ k. We begin by
considering the F˜1-functional, noting in particular that the critical points of the
Y1-functional are exactly weighted Einstein manifolds.
Theorem 8.11. Fix κ ∈ R+ and let (M
n, g, v,m, µ) be a smooth metric measure
space. For every (h, ψ) ∈ T(g,v)M it holds that
(8.1) DF˜1[h, ψ] = −
m+ n− 2
m+ n
∫
M
(
σ˜m1,φ +
m
m+ n− 2
κv−1
)
ψ dν
+
m+ n− 2
2(m+ n− 1)
∫
M
〈
E˜m1,φ +
m
m+ n− 2
κv−1U˜m0,φ, h
〉
dν,
where Um0,φ is as in (7.7). In particular, (M
n, g, v,m, 0) is a critical point of
Y1 : M→ R if and only if it is a weighted Einstein manifold with scale κ.
Proof. Lemma 4.4, Corollary 8.2, and Proposition 8.10 immediately yield (8.1).
Combining Proposition 8.10 and (8.1), we see that DY1 : T(g,v)M → R vanishes if
and only if
E˜m1,φ +
m
m+ n− 2
κv−1U˜m0,φ =
2m(m+ n− 1)
(m+ n)2(m+ n− 2)(2m+ n− 2)
(∫
σ˜m1,φ∫
v−1
)
v−1g,
σ˜m1,φ +
m
m+ n− 2
κv−1 =
2m(m+ n− 1)
(m+ n)(m+ n− 2)(2m+ n− 2)
(∫
σ˜m1,φ∫
v−1
)
v−1
+
∫
σ˜m1,φ∫
1
.
From the definitions of E˜m1,φ and U˜
m
0,φ, we conclude that these two conditions are
equivalent to
Pmφ =
1
m+ n
(∫
σ˜m1,φ dν∫
dν
)
g,(8.2)
σ̂m1,φ =
∫
σ˜m1,φ dν∫
dν
.(8.3)
where σ̂m1,φ is as in (7.8). If (M
n, g, v,m, 0) is a weighted Einstein manifold with
scale κ, then Proposition 3.16 implies that (8.2) and (8.3) hold. Conversely, if (8.2)
holds, then (3.19) implies that∫
M
σ˜m1,φ dν =
(m+ n)(2m+ n− 2)
2(m+ n− 1)
κ
∫
v−1 dν.
Inserting this into (8.3) implies that σ˜m1,φ is constant, and hence (M
n, g, v,m, 0) is
a weighted Einstein manifold with scale κ. 
We next consider the F˜2- and Y2-functionals. Here the relationship to weighted
Einstein manifolds is more subtle. First, the Euler equation for the F˜2-functional is
fourth-order in the metric, so one cannot expect to characterize the critical points
of the Y2-functional as weighted Einstein manifolds. Second, the fact that weighted
Einstein manifolds with µ = 0 and scale κ are critical points for the Y2-functional
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depends on the subtle cancellation (3.14) for the weighted Bach tensor of such
manifolds. This latter point is discussed further in Remark 8.13.
Theorem 8.12. Fix κ ∈ R+ and let (M
n, g, v,m, µ) be a smooth metric measure
space. For every (h, ψ) ∈ T(g,v)M it holds that
(8.4) DF˜2[h, ψ] = −
m+ n− 4
m+ n
∫
M
(
σ˜m2,φ +
m
m+ n− 4
κv−1s˜m1,φ
)
ψ dν
+
m+ n− 4
2(m+ n− 2)
∫
M
〈
E˜m2,φ +
m+ n− 2
m+ n− 4
B˜mφ +
m
m+ n− 4
κv−1U˜m1,φ, h
〉
dν,
where U˜m1,φ is as in (7.7) and B˜
m
φ is the Bach tensor with scale κ,
B˜mφ := δφdP
m
φ −
1
m
(tr dPmφ )⊗ dφ +A
m
φ ·
(
Pmφ − Z˜
m
φ g
)
.
In particular, if (Mn, g, v,m, 0) is a weighted Einstein manifold with scale κ, then
it is a critical point of Y2 : M→ R.
Proof. Lemma 4.4, Corollary 8.8, and Proposition 8.10 immediately yield (8.4).
Combining Proposition 8.10 and (8.4) implies that DY2 : T(g,v)M → R vanishes if
and only if
E˜m2,φ +
m+ n− 2
m+ n− 4
B˜mφ +
m
m+ n− 4
κv−1U˜m1,φ
=
4m(m+ n− 2)
(m+ n)2(m+ n− 4)(2m+ n− 2)
(∫
σ˜m2,φ∫
v−1
)
v−1g
and
σ˜m2,φ +
m
m+ n− 4
κv−1s˜m1,φ =
∫
σ˜m2,φ∫
1
+
4m(m+ n− 1)
(m+ n)(m+ n− 4)(2m+ n− 2)
(∫
σ˜m2,φ∫
v−1
)
v−1.
It is clear that if (Mn, g, v,m, 0) is a weighted Einstein manifold with scale κ,
then B˜mφ = 0. It then follows from Proposition 3.15 and Proposition 3.16 that
DY2 : T(g,v)M→ R vanishes for such a manifold. 
Remark 8.13. A key point in the proof of Theorem 8.12 is that, due to the identity
B˜mφ = B
m
φ −mκv
−1
(
Pm−1φ −
m+ n− 3
m+ n− 2
Pmφ
)
,
the summands Bmφ and P
m−1
φ in the formulae for DF2 and DF
(m−1)
1 , respectively,
exactly combine to yield the weighted Bach tensor with scale κ. In particular, since
Pm−1φ need not be constant for a weighted Einstein manifold (M
n, g, v,m, 0), if we
add suitable multiples of F
(m−1)
1 and F
(m−2)
0 to F2 to obtain a functional with
Euler equation given by σ˜m2,φ, the resulting functional need not admit weighted
Einstein manifolds among its critical points. This is the final justification for our
focus on the F˜2- and Y2-functionals.
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Remark 8.14. It follows from Lemma 5.6 that
DY2[g, 0] = −
2m+ n
2
DY2[0, 1].
Using (8.4), we conclude that if (Mn, g, v,m, 0) is a closed smooth metric measure
space such that (g, v) is locally conformally flat in the weighted sense and a critical
point of Y2 : C→ R, then ∫
M
tr Êm2,φ = 0.
This observation further simplifies (7.14) in the case k = 2. It also suggests that if
(Mn, g, v,m, 0) is a closed smooth metric measure space such that (g, v) is locally
conformally flat in the weighted sense and a critical point of Yk : C → R, then∫
tr Êmk,φ = 0.
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